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Abstract

We develop a new method for deriving high-frequency synthetic dis-
tributions of consumption, income, and wealth. These synthetic data in-
corporate different sources of microdata, and our method can exploit these
sources regardless of their frequency or variable coverage. Core to the method
is treating distributional data as a time series of functions, whose underlying
factor structure follows a state-space model estimated using Bayesian tech-
niques. The method is generic enough to cover the dynamics of joint distri-
butions in general. Using a wide range of U.S. microdata, we demonstrate
that this novel approach yields high-quality, high-frequency distributional
data on consumption, income, and wealth that are of interest to modern
theories of macroeconomic dynamics.
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1 Introduction

Understanding the dynamics of the joint distribution of consumption, in-
come, and wealth is central to understanding macroeconomic dynamics, the
transmission of monetary and fiscal policy, and their cross-sectional effects.1 The
scarcity of high-frequency information on the joint distribution is a significant
limitation in this endeavor. We propose a novel and general technique based
on functional data analysis and Bayesian time-series methods to obtain high-
frequency estimates of this (or other) joint distribution(s). This technique is
flexible enough to combine distributional data from different microdata sources
with aggregate data, even when these data are of mixed frequency and only one
micro-dataset contains all variables of interest and others only a subset.

The challenge is that the joint distributions of consumption, income, and
wealth are functional data and hence, in principle, infinite-dimensional objects.
Our novel method, however, projects the infinite-dimensional objects onto a fi-
nite set of basis functions and then exploits standard statistical dimensionality
reduction techniques. These techniques reduce the dynamics of the distribution
to a factor model that has a state-space representation. This step is motivated
by the heterogeneous agent macroeconomics literature which suggests that a
small number of factors is sufficient to approximate distributional dynamics. In-
tuitively, this mirrors the fact that a small set of aggregate prices shapes house-
hold decisions and therefore affects the distribution of consumption, income, and
wealth (Auclert, Bardóczy, Rognlie, and Straub 2021; Bayer, Born, and Luetticke
2024). In fact, more reduced form inequality research (Di Maggio, Kermani, and
Majlesi 2020; Chodorow-Reich, Nenov, and Simsek 2021; Kuhn, Schularick, and
Steins 2020) has so far found much support for the price-distribution nexus, too.
These prices are closely tied to the aggregate economy, which itself has a low
dimensional factor structure (Stock and Watson 2002).

This set of findings from the macroeconomic literature has two implications
for the joint evolution of aggregate and distributional data: First, the dynam-
ics of the distributional data can be represented by a medium-size state-space
model. Second, the states of this model are driven by a small set of aggregate fac-
tors and unobserved distributional shocks. The combination of these two facts
is the key innovation to overcome the challenge of dealing with multidimen-
sional functional data. In practice, we use factor analysis to uncover the lower-
dimensional state-space representation of the distributional dynamics and its ag-

1. See, e.g., Mian, Straub, and Sufi (2020), Holm, Paul, and Tischbirek (2021), Andersen, Johan-
nesen, Jørgensen, and Peydró (2023), Bhandari, Evans, Golosov, and Sargent (2021), and Bayer,
Luetticke, Pham-Dao, and Tjaden (2019).
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gregate drivers. Given these factor structures for the aggregate and distributional
data, we estimate the time-series behavior of the functional, i.e., distributional,
data using Bayesian techniques and link aggregate and distributional data with-
out imposing a fully-structural macroeconomic model. This makes the method
general such that it can be applied to a wide array of distributional dynamics.

The state-space representation lends itself naturally to the use of the Kalman-
filter for Bayesian estimation of the state-space model. This has several important
advantages. It allows us to use and merge numerous micro-datasets that refer
to the same economic object but with different operationalized measures, e.g.,
differences in the sources of income covered. These different operationalizations,
alongside sampling uncertainty, are captured by the measurement error in the
observation equation of the model. The observation equation also allows for
the combination of micro-datasets with different sampling frequencies and also
allows us to exploit information from microdata that contain only a subset of the
variables of interest (Schorfheide and Song 2015; Durbin and Koopman 2012).

Finally, we overcome the limited availability of high-frequency distributional
information and construct estimates of business cycle fluctuations for joint distri-
butions at any point in time, including periods where microdata on distributions
are unavailable. The estimated state-space model allows us to construct synthetic
high-frequency distributional data by means of the Kalman smoother. The syn-
thetic data itself then incorporate the information of various micro- and aggre-
gate data sources. Although the synthetic distributions are originally functional,
they can be expressed approximately in the form of repeated cross sections of
microdata with consumption, income, and wealth of synthetic households.

To demonstrate the power of the novel method, we apply the new estima-
tion technique to a rich set of U.S. household microdata from the Panel Study of
Income Dynamics (PSID), the Survey of Consumer Finances (SCF), the Consumption
Expenditure Survey (CEX), the Survey of Income and Program Participation (SIPP),
and the Current Population Survey (CPS). Using the various microdata jointly, our
method overcomes three existing challenges. First, only the PSID contains all
three variables of interest: consumption, income, and wealth. In the other micro-
datasets, at least one of the variables is absent. At the same time, all of the micro-
datasets contain information on the joint distribution of consumption, income,
and wealth. Second, all of these datasets are available at different frequencies.
Third, they differ in sampling approaches and details of measurement concepts.
Our method deals with all three challenges. We complement these microdata
with a comprehensive set of macroeconomic time series.

From the estimation of the state-space model on these data, we then construct
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high-frequency synthetic distributional data represented by groups of house-
holds. Each group is defined by a particular combination of quantiles of con-
sumption, income, and wealth. Over time, the conditional expectations for each
quantile change and so do the consumption, income, and wealth of each group.
The population weight reflects how likely it is to observe combinations of quan-
tiles, and therefore also the weight changes over time. Thus, the dynamics of the
population weights induce the dynamics of the cross-sectional correlations in the
three variables. We construct the detrended business cycle variations of the joint
distribution in consumption, income, and wealth from 1962 to 2024.

We carefully validate each step of the estimation procedure. First, we show
that the factor representation of the distributional data imposes almost no loss
of information compared to the information provided by the microdata when
observed. Second, we show that the model closely predicts the distributional
data, even when unobserved, through significant comovement with aggregates.
Specifically, we show this for the consumption distributions of the CEX and the
wealth distributions of the SCF. Finally, we use simulated data from a theoretical
HANK model as a data generating process and show that the method can closely
track the true high frequency movements of the distribution given the typical
sample sizes and frequencies of micro data. Thus, we conclude that the imputed
distributional data stemming from our statistical model are reliable.2

Finally, we illustrate the usefulness of the method in two applications. First,
we use the estimated distributional state-space model to quantify what drives
distributional fluctuations. A forecast error variance decomposition shows that
aggregate shocks account for the bulk of the variation in the distributional factors
(at least 70% for every factor and typically above 85%), and similarly for distribu-
tional moments such as conditional means of consumption, income, and wealth.
Then, we show consumption dynamics along the joint distribution of income and
wealth across the last three U.S. recessions. This application provides a natural
stepping stone for future research to better understand particular distributional
channels. Furthermore, it provides novel empirical estimates on various groups
of households in the joint distribution of consumption, income, and wealth that
remain unobserved in existing data—providing new empirical model targets to
guide the modeling of business cycles with heterogeneous agents.

2. In addition, we also validate the choice of priors in Bayesian estimation, particularly with
respect to measurement error, and show that the state-space model is consistent with the sam-
pling uncertainty of the observed distributional data at the sampling points. We further compare
the prediction for the dynamics of income and wealth distribution with that implied by the dis-
tributional flow of funds methodology (DFA, see Batty, Bricker, Briggs, Friedman, Nemschoff,
Nielsen, Sommer, and Volz 2020) and that estimated by the World Inequality Database (Alvaredo,
Atkinson, Chancel, Piketty, Saez, and Zucman 2016; Piketty, Saez, and Zucman 2018). These re-
sults can be found in Appendix G. 3



The observed dynamics are also economically interesting. We find overwhelm-
ing evidence that the impact of macroeconomic shocks on household consump-
tion (relative to the aggregate) is not uniform across the household groups or
across recessions. We see this as a complementary work to Bilbiie, Galaasen,
Gürkayna, Mæhlum, and Molnar (2025), showing for Norway that automatic
stabilizers on average render household heterogeneity largely irrelevant for ag-
gregate dynamics. Our analysis for the United States, however, shows a more
nuanced, state-dependent role for heterogeneity, where the nature of the prevail-
ing shock in a recession is a critical determinant of how distributional dynam-
ics affect the macroeconomy. As we expand on this later, these findings show
that the joint distribution of income and wealth is crucial for understanding con-
sumption dynamics around recessions and policy decisions.

The remainder of this paper is organized as follows: Section 2 provides an
overview of the relevant literature. Section 3 develops our estimation method
and Section 4 evaluates its quality. Section 5 provides an application of the novel
method. Finally, Section 6 concludes the paper. An appendix follows.

2 Literature

Methodological Antecedents. The paper most closely related to ours is Chang,
Chen, and Schorfheide (2024), which develops a Bayesian state-space approach
to estimate the coevolution of aggregate variables and the marginal distribution
of earnings. Our work differs in three key aspects. First, we extend their ap-
proach to model the evolution of joint distributions over time, e.g., distributions
of consumption, income, and wealth with also a richer set of aggregates. This
allows us to capture the dependence structure across variables within the distri-
bution, rather than focusing solely on marginal distributions, and to understand
the interplay between the distribution and aggregates. Second, instead of di-
rectly estimating the distributional dynamics, we follow Kneip and Utikal (2001)
and Tsay (2016) by additionally projecting the functional data on an ideal basis
through PCA (see also Meeks and Monti 2023, for a macroeconomic application).
We then estimate a state-space model in the lower-dimensional factor space—not
possible with the functional data alone. Third, our paper focuses on generat-
ing high-frequency synthetic distribution data, addressing challenges related to
missing observations and the mixed frequencies of aggregate and microdata.3

3. While there is a nascent literature (see, e.g., Ettmeier, Hyun Kim, and Schorfheide 2024)
emphasizing the role of unit-level dynamics in properly addressing the mixed-frequency prob-
lem, we abstract from this consideration in the present study and follow the standard mixed-
frequency approach.
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More broadly, our method builds on the literature that formulates temporal
disaggregation in a state-space framework (see e.g., Harvey and Chung 2000)
and on functional data methods in economics (see e.g., Kneip and Utikal 2001;
Diebold and Li 2006; Chang, Kim, and Park 2016). The key advantage over static
methods such as Chow and Lin (1971) and Fernandez (1981) is that the state-
space representation is inherently dynamic and lends itself to the Kalman filter
for estimation and diagnostics.

Macroeconomic motivation. Our contribution relative to the growing body of
work linking macroeconomic aggregates with distributional dynamics (see e.g.,
Baumeister et al. 2025; Koop et al. 2026; Ettmeier, Hyun Kim, and Schorfheide
2024) is to treat the joint distribution—marginals and their dependence structure—
as the state variable itself, recovering its dynamics from multiple partially over-
lapping surveys at mixed frequencies. This provides the still-missing descrip-
tions of the short-run dynamics of the consumption, income, and wealth dis-
tribution to the theoretical literature on heterogeneity and aggregate dynamics
(Kaplan, Moll, and Violante 2018; Bayer et al. 2019; Bayer, Born, and Luetticke
2024) and extends the rapidly growing empirical work on the effects of policy
shocks on marginal distributions.4

Through our application, we also speak to a central debate on macroeco-
nomic amplification from household inequality. Auclert (2019) and Bilbiie (2020)
formalize the idea that amplification depends on the covariance between the
marginal propensity to consume and the cyclicality of income. Patterson (2023)
finds this covariance to be strongly positive for U.S. labor earnings, creating a
powerful “matching multiplier”; recent evidence from Bilbiie et al. (2025) for
Norway provides a counterpoint, showing that once disposable income is con-
sidered, automatic stabilizers render the covariance negligible over average busi-
ness cycles. Our synthetic data reveal that consumption distribution dynamics
are potentially very business-cycle-specific, suggesting that neither finding gen-
eralizes unconditionally.

Distributional measurement. The paper also contributes to a large empirical
literature, beginning with Piketty and Saez (2003), measuring trends and fluctu-
ations in inequality. Most of this work produces high-frequency data for marginal
distributions—income or wealth separately—but not for their joint distribution.

4. See, for example, Berger, Bocola, and Dovis (2023), Coibion et al. (2017), Cloyne, Fer-
reira, and Surico (2020), Holm, Paul, and Tischbirek (2021), Chang and Schorfheide (2024), and
Bartscher et al. (2022). McKay and Wolf (2023) surveys this literature.
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Blanchet, Saez, and Zucman (2022) construct monthly income and wealth dis-
tributions for the United States; Smith, Zidar, and Zwick (2023), using admin-
istrative data and the capitalization method of Saez and Zucman (2016), pro-
vide high-frequency wealth estimates concentrated on the upper tail. The Dis-
tributional Financial Accounts (Batty et al. 2020) produces quarterly balance-
sheet estimates since 1989 by combining SCF microdata with the Financial Ac-
counts through Chow-Lin/Fernández-type models. Our state-space approach
offers three advantages over these methods: it treats the underlying microdata
as noisy samples of a time series of distribution functions, explicitly handling
sampling uncertainty in a dynamic setting; it can combine multiple microdata
sources with different operationalizations of the same economic concepts; and
it recovers the joint distribution of consumption, income, and wealth—not just
individual marginals—going back to the 1960s.

3 Method

1. Microdata
wj
it

2. Functional
Rep. θjt

3. Latent
Factors ft

6. Synthetic
Data Ξ̂t(w)

5. Smoothed
Factors f̂t|T

4. State-Space
Model

Transform PCA

Dynamics

KalmanReconstruct

Validation

Figure 1: Visual Roadmap of the Methodology

This section describes a general method for generating high-frequency esti-
mates of joint distributions of economic variables of interest over a large number
of micro-units. The method proceeds in four main steps, see Figure 1. First, start-
ing from microdata, we estimate and represent joint distributions by their quan-
tile functions coupled with a copula, isolating marginal shapes from their depen-
dence structure (Section 3.1), projecting these functions onto Legendre polynomi-
als (Section 3.2.1). Second, we reduce dimensionality using functional principal
component analysis (PCA) (Section 3.2.2). Third, we formulate the dynamics of
these latent factors as a state-space model that handles mixed frequencies (Sec-
tion 3.2.3). Fourth, we estimate the system using Bayesian techniques and re-
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cover the full distributional time series via the Kalman smoother (Section 3.3).
The reverse provides us with the high-frequency synthetic distributional data.

This method uses microeconomic and aggregate data as inputs. It requires
only the joint observation of the microeconomic variables in at least one dataset
over several, but potentially infrequent, time periods. The developed method
treats the distributional data as functional data in a time-series state-space frame-
work with unobserved states. In the following, we describe the method using the
example of the joint distribution of consumption, income, and wealth, an impor-
tant macroeconomic application.

3.1 Distributions as time series of functional data

We consider a sequence Ξt(w) of multidimensional distribution functions (cdfs),
indexed by t ∈ T := {1 . . . T}, defined over a d-dimensional vector w ∈ Rd. In
the case of our application, we have d = 3, where w is a vector of consump-
tion, income, and wealth at the household level. In addition to this sequence of
distribution functions, there is a sequence of real-valued vectors Yt of stationary
aggregate data. In the following exposition, we assume that Yt is observed at all
times t ∈ T. The extension to missing observations in Yt is standard.

From the distributions Ξt(w), we observe only randomly drawn samples.
We allow these samples to come from different sampling procedures or to have
different operationalizations of the underlying theoretical variables. For exam-
ple, the PSID and the SCF use different sampling procedures and slightly dif-
ferent concepts of wealth and income. We index each of the sampling proce-
dures/datasets by j = 1 . . . J . All of these different datasets are typically not
observed for all time periods. Instead, dataset j is only observed in a particular
subset T j ⊂ T. In addition, not all samples contain all variables of interest, but
may contain only a subset Dj ⊆ D := {1, . . . , d} of variables. For example, the
Current Population Survey (CPS) provides only income information but neither
wealth nor consumption. However, at least one dataset, j, must contain all vari-
ables of interest for Dj = D. In our application, this dataset is the PSID, which
contains information on consumption, income, and wealth (for some years).

Our goal is to obtain estimates of the joint distribution functions, Ξ̂t(w), ∀t ∈
T, by efficiently combining information from the various related microdata sources
and aggregate information, Yt. We assume that there is a time-series structure
such that the density dΞt evolves according to the functional difference equation

dΞt+1 = G (dΞt, Yt−ℓ:t+1) + ϵt+1, (1)
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where Yt−ℓ:t+1 are observed contemporaneous and lag aggregate data; G de-
termines the dynamics of the system, and ϵt are the corresponding shocks to
the functional equation.5 This time-series structure arises naturally in so-called
HANK models (see e.g. Kaplan, Moll, and Violante 2018; Bayer, Born, and Luetticke
2024). It is assumed that Ξt is absolutely continuous with respect to the Lebesgue
measure on Rd and thus, dΞt exists and is continuous. Moreover, we require that
the operator G is Lipschitz-continuous in its first argument, a condition satisfied
mechanically under the proposed linear model. We provide details below.

Viewing the J sampling procedures as capturing the same fundamental ob-
ject Ξt but with some measurement error, νt, allows us to combine the data in a
systematic way. This means that a dataset gives us an estimate

dΞ̃j
t =

∫
D\Dj

dΞt + νt for t ∈ T j, (2)

where the integral
∫
D\Dj reflects that those variables unobserved in dataset j have

been integrated out.6 The measurement error then captures sampling uncer-
tainty, differences in sampling procedures, and differences in operationalization
of economic concepts.

3.2 Implementing the Estimation

Estimating (1) directly is not feasible because it is an infinite-dimensional
nonlinear functional difference equation and, of course, we only observe sam-
ples of the distribution functions, not the functional data itself. Our innovation is
to overcome this challenge by making it possible to estimate (1) using traditional
Bayesian techniques and a Kalman-filter (Section 3.2.4). This requires transform-
ing (1) into a linearized (infinite-dimensional) state-space model (Section 3.2.3),
which is estimable once we render it finite and of reduced dimensionality un-
der an appropriate factor representation (Section 3.2.2). However, first, we need
to operationalize the measurement of the distribution functions as they appear
in (2) by transforming the microdata samples into estimates of the distribution
functions themselves (Section 3.2.1). In doing so, we have to account for changes
in the effective support of the distributions and deal with the unobservability of
some of the micro-variables in some datasets. In the following, we cover these
points, which ultimately define our estimation procedure.

5. To ensure Ξt+1 is a valid distribution:
∫
G(dΞ, ·)(w), dw = 1,

∫
ϵt(w), dw = 0, and

G(dΞ, Yt−ℓ:t+1)(w) ≥ −ϵt(w) (non-negativity). Non-negativity applies to dΞ̃ and ν in (2).
6. For clarification, the tilde (dΞ̃) is to denote that this is an estimate from the data vs. an

estimate generated from the model, which will be denoted by a hat (dΞ̂).
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3.2.1 Transforming the microdata

Handling changes in scale One challenge in working with distributional data
is that the magnitude of the variables of interest in w, and thus the support of
Ξ, changes over time. We deal with this in two ways. First, to deal with level
changes, we rescale the vector w observed for individual i in the micro-dataset
j at time t, wj

it, by its dataset- and time-specific mean w̄j
t .7 Second, to deal with

changes in the width of the support, we decompose the distributional data into
its marginals and a copula. Copulas, by definition, have a constant support (hy-
percubes of [0, 1]). Representing the marginals by their quantile functions (i.e.,
the inverse of the marginal cumulative distribution function) again achieves con-
stant support by construction. This quantile-and-copula representation contains
the same information as Ξ, but makes the support of all functions time-invariant.

This relies on Sklar’s Theorem (Sklar 1973), which states that any multivari-
ate cumulative distribution function Ξt(w) can be written in terms of its marginal
distributions Ξmt(w), along the dimension m ∈ D, and a copula, Ct : [0, 1]

d −→
[0, 1] with uniform marginals. The copula captures the dependence structure be-
tween the random variables in w and is invariant to monotone transformations in
w. Intuitively, the copula isolates the dependence structure (e.g., whether high-
income households also tend to be high-wealth) from the shape of the individual
distributions (e.g., how skewed income is). For our application, the copula is

Ct(u1, . . . , ud) = Pt(U1 ≤ u1, . . . , Um ≤ um, . . . Ud ≤ ud)

= Pt

(
w1 ≤ Ξ−1

1t (u1), . . . , wm ≤ Ξ−1
mt(um), . . . , wd ≤ Ξ−1

dt (ud)
)

∀t ∈ T
(3)

where Um ∼ U [0, 1] for m ∈ D are the uniform marginals generated by taking the
probability integral transform of each component m s.t. Um = Ξm(wm) ∼ U [0, 1].
The second line highlights the quantile functions or the inverse transform of the
univariate CDFs, Ξ−1

mt(wm), where:

Ξ−1
mt(um) = inf{wm ∈ R : Ξm(wm) ≥ um} ∀t ∈ T,m ∈ D. (4)

Finally, for Ct to be a copula, the constraint must hold for all m ∈ {1 . . . d} that
when integrating out all but one dimension (the marginal distribution) m, the

7. Estimating relative to dataset-specific time means also lets us flexibly align the synthetic
distributions with per-capita or per-household aggregate targets: we simply rescale using the
desired aggregate target rather than the dataset mean. A consensus business-cycle component
can be obtained by rescaling with average fixed effects and omitting any trend.
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copula is identical to the value of the marginal distribution:

Ct(1, . . . um, . . . 1) = um. (5)

Dealing with the infinite-dimensionality of the distribution functions The
second challenge in our endeavor is dealing with the infinite-dimensionality of
the distribution functions, while maintaining a functional approach. To do so,
we will rely on a series estimator for both the copula and quantile function. Se-
ries estimators project the functions of interest onto some infinite-dimensional
space of polynomials, namely the space of squared-integrable functions L2. In
the following, we will treat the copula densities dCt and (transformed) quan-
tile functions Ξ−1

mt as elements of L2, and project them onto a space of shifted
orthonormal Legendre polynomials {Qo : o ∈ N0} for some order o, satisfying∫

[0,1]

Qo(x)Qk(x) dx = δok, (6)

with δok = 1 if o = k (reflecting the normalization condition) and 0 otherwise
by orthogonality.8 Classical Legendre polynomials are defined on [−1, 1], so the
shift is to the same domain as the copula densities and quantile functions—in the
support [0, 1]. The orthonormal shifted Legendre polynomials Qo themselves are
defined on [0, 1] by

Qo(x) =
√
2o+ 1Lo(2x− 1), (7)

where Lo are the classical Legendre polynomials defined by

L0 = 1, L1(x) = x, (o+ 1)Lo+1(x) = (2o+ 1) xLo(x)− oLo−1(x). (8)

One concern is that the approximation method is poorly chosen, as the un-
derlying population functions are themselves not completely square-integrable.
For example, empirical evidence for distributions of consumption, income, and
wealth points to tail behaviour that violates the L2 condition (see e.g., Vermeulen

8. One could alternatively project log-densities, as in Chang, Chen, and Schorfheide (2024),
which avoids imposing non-negativity and monotonicity constraints in a linear model, but
would forfeit the simple series estimators we use. Instead, we verify these constraints ex post.
For quantiles, we check monotonicity by evaluating the Legendre approximation on a fine grid
(10,000 points) and find no violations in our application. For the copula, the estimator satis-
fies uniform margins by construction (Sections 2–3 Bakam and Pommeret 2023); we additionally
check positivity ex post. Any negative values are negligible (never below −10−6), so the esti-
mates satisfy copula-density constraints for practical purposes.
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2018).9 For the copula density, the same issue arises—density at the tails may fail
to lie in the fulldomain space L2([0, 1]d) for copulas exhibiting non-zero tail de-
pendence e.g., the Gumbel copula.

To ensure that these underlying functions lie in L2, rendering the projection
apropos, we first treat the data and apply the inverse-hyperbolic-sine transfor-
mation on them. This regularizes the upper tail of the distribution. This treat-
ment is similar in nature to working with log densities, as in Chang, Chen, and
Schorfheide (2024).10 We then estimate our quantile functions on these trans-
formed values. Appendix A provides evidence that by using the transformed
percentile functions, the projection performs well at capturing variation in the
tails. For the copula, we impose a local L2 condition on a trimmed domain
[ε, 1− ε]d, for some very small ε > 0. Inside that interior cube, dCt(u) is bounded
and hence square-integrable. Appendix A also addresses the treatment of mea-
sures in the presence of non-negligible zero-mass.

Altogether, this means the following representation:

Ξ−1
mt(um) =

∑
o∈N0

ξmotQo(u) (10)

dCt(u1, u2, ...ud) =
∑

(o1,...,od)∈Nd
0

κ(o1,...,od),t

d∏
m=1

Qom(um), um ∈ [ε, 1− ε] (11)

where both functions are represented as infinite sums of polynomials over the
order of the polynomials o ∈ N0. Because of orthonormality (6) and using (10),
for some fixed o, we obtain:∫ 1

0

Ξ−1
mt Qo(u)du =

∫ 1

0

∑
k∈N0

ξmktQk(u)Qo(u)du =
∑
k∈N0

δkoξmkt = ξmot. (12)

This means that the coefficients can be obtained as the inner products of the func-
tions and the Legendre polynomials of some order o. The same holds true for the
copula density:

9. ∫ b

a

[
Q(p)

]2
dp =

∫ b

a

[
xm (1− p)−1/α︸ ︷︷ ︸

Pareto
quantile

]2
dp = x2

m

∫ b

a

(1− p)−2/α dp. (9)

In particular, if the uppertail of the income distribution on p ∈ [a, b] follows a Pareto law with
shape α, then its quantile function is Q(p) = xm(1−p)−1/α. This lies in L2[a, b] (i.e.

∫ b

a
Q(p)2 dp <

∞) if and only if α > 2. When α ≤ 2, the integral diverges and the second moment does not exist.
10. For notional convenience, we use Ξ−1

mt(um) as the treated quantile function.
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Figure 2: Legendre Coefficients Across the Distributional Data

Legendre Coefficients across Quantile Functions

(a) Consumption (b) Income (c) Wealth

Legendre Coefficients across Copulas

(a) Consumption & Income (b) Consumption & Wealth (c) Income & Wealth

Notes: Figure presents two rows of Panels. The first row presents the coefficients (in dots) on the
Legendre polynomials from estimating the quantile function, in increasing order. The second row
presents the coefficients (as a surface) on the Legendre polynomials from estimating the copula
density in lexicographic order. Data are from the 2019 PSID.

∫
[0,1]d

d∏
m=1

Qom(um) dCt du1, . . . , dud = κ(o1,...,od),t. (13)

For the estimation of these coefficients in practice, we rely on the uniformity
of ranks and that ranks are within [0, 1] and replace the inner product by sample
averages:

ξ̂mot := N−1
j

∑
i

wmitQo(umit) (14)

κ̂(o1,...,od),t := N−1
j

∑
i

(
d∏

m=1

Qom(umit)

)
(15)

where umit is the data rank of wmit, the sample analogue of Ξ−1
mt for observation i.

In the estimation, we truncate the sums in (10) and (11) at a given maximal
order O and by orthonormality of the polynomials, the kept coefficients are not
affected by the truncation. The coefficients in our case indeed decrease rapidly
with each polynomial as we show in Figure 2. The figure plots the absolute coef-
ficient value as a function of the order of the polynomial term’s order. At around
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order 10, the coefficients all become very small.11 Evidence from Appendix A
supports this, showing a truncation to O = 11 captures the variation observed in
the data quite well.

Dealing with partial unobservability of the microdata Another difficulty is
that the microdata may not always contain the entire vector w, but only a subset.
When w is incompletely observed, we cannot estimate the full d-dimensional
copula directly. However, we can still estimate copulas with the unobserved
dimensions integrated out—that is, lower-dimensional copulas. We show below
that these lower-dimensional copulas are slices of the higher-dimensional copula
of interest, and thus remain informative about the full d-dimensional object.

The representation in the form of (Legendre) polynomials is very useful in
this respect. First, we need to show that the density of the higher-dimensional
copula must be equal to the lower-dimensional one when we integrate out the
“missing” dimension d:∫ 1

0

dC(u1, . . . , ud) dud
!
= dC(u1, . . . , ud−1) (16)

In this effort, we write out the integrand using (11) and make use that the first
(shifted) Legendre polynomial integrates to one and all others to zero to obtain:

∫ 1

0

dC(u1, . . . , ud) dud =

∫ 1

0

∑
o1

· · ·
∑
od

κ(o1,...,od)

d∏
m=1

Qom(um) dud

=
∑
o1

· · ·
∑
od−1

∑
od

κ(o1,...,od−1,od)

(
d−1∏
m=1

Qom(um)

) ∫ 1

0

Qod
(ud) dud

=
∑
o1

· · ·
∑
od−1

κ(o1,...,od−1,1)

(
d−1∏
m=1

Qom(um)

)
. (17)

In words, the polynomial coefficients of the lower-dimensional copula den-
sity are identical to the leading “slice” of the higher-dimensional copula. There-
fore, a dataset that contains only two out of the three variables of interest still
provides a measurement of a subset of the coefficients; see Figure 3.12

11. A small coefficient in absolute value does imply the contribution of the corresponding poly-
nomial to be small in an R2 sense.

12. By the same line of argument, a copula requires κ(1,...,1) = 1 and κ(1,...,j,...,1) = 0.
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Figure 3: Geometric Representation of Partially Observed Copula Coefficients

(a) Only Variables 1& 3 (b) Only Variables 2& 3 (c) Only Variables 1& 2

Notes: Figure shows three cubes. A cube can be interpreted as an array of copula coefficients
κj
(o1,...,od),t

for some dataset j at time t, for d = 3. Each cube corresponds to a scenario where
one variable is missing in the estimation of the copula density. The light edge denotes the (1,1,1)
coordinate. For each scenario, the white boxes are coefficients we cannot estimate. The slightly
colored boxes correspond to the immutable coefficients, which have fixed values independent of
data. The darker colored boxes are scenario specific and correspond to (time-varying) coefficients
that need to be estimated.

3.2.2 Dealing with the Curse of Dimensionality

Vectorizing the coefficients for each time period, t, leaves us with sequences
of coefficients, θjt = (ξjmot, . . . , κ

j
(o1,...,od),t

), for each cross-sectional dataset, j. For
example, with d = 3 dimensions in our application—consumption, income, and
wealth and using polynomials up to order eleven (O = 11) to organize the data—
the copula density would be represented by a vector with (O+1)d−(d×O+1) =

1694 variable entries for each time point and d × O + 1 = 34 invariable. These
invariable entries are not included in the estimation. In addition, there would be
d×(O+1) = 36 coefficients of the polynomials (including a constant) representing
the quantile functions, which we collect in θjt as well.

This example makes apparent that even for a modest polynomial order, the
dimensionality of θjt ∈ RN , N = (O + 1)d + (d − 1) for a dataset with d variables
is large. Equally important is the frequency of missing observations across the
N entries; in our application, the data structure is irregular and includes many
gaps. Taken together, this makes it impractical to specify and estimate a time-
series model directly on the raw θjt coefficients. For this purpose, we postulate
(and then estimate) a dynamic factor model for θ. This is where another advan-
tage of the orthonormal polynomial representation is advantageous: The variance
(over time) of a coefficient is proportional to its contribution to fluctuations of
the function (in the L2 sense). Put simply: The polynomial coefficient provides a
useful form of standardization that has a natural metric and allows us to uncover
the factor structure behind the time-series changes in the distributions. This fac-
tor structure finally allows us to overcome the curse of dimensionality in the
distributional data.

14



For this purpose, all (variable) coefficients of the polynomial representation
of dCj

t (and separately of the quantiles) are horizontally concatenated:

θj =


θj1,1 θj1,T

. . .

θjN,1 θjN,T

 .

Define θ as the matrix obtained by horizontally concatenating the individ-
ual blocks θj , retaining only those time periods for which every coefficient is
available.13 A PCA (a singular value decomposition) is then performed, which
nonparametrically reduces the dimensionality of the data (Breitung and Eick-
meier 2006; Chen, Er, and Wu 2005). For the PCA, we define θ̃, which is then
standardized representation of θ. The standardization is done by distribution
object ζ ∈ {1, . . . , d + 1} (d quantile functions and a copula).14 We standardize
by object (and not by coefficient) because the polynomial coefficients represent
standardized contributions to the object’s structure (e.g., the quantile function or
copula). As a result, additional standardization within the same object is unnec-
essary, since their relative magnitudes are naturally balanced by the properties
of the polynomial basis. This leaves us with the standardized observation θ̃jnt of
coefficient n in data source j at time t.

The PCA of θ̃ provides us with a preliminary projection matrix Γ̃ ∈ RN×r,
with full column rank r, that projects r << N factors into the N dimensional
distributional data. We then normalize Γ̃ by setting Γ̂ := Γ̃D−1/2, where D is the
diagonal matrix of eigenvalues of Γ̃′Γ̃ in decreasing order. Throughout we work
with the normalized matrix Γ̂.

More specifically, we decompose θ̃ into latent orthogonal factors
[
f̂ ′
Γ f̂ ′

γ

]′
divided into “important” and “unimportant” factors according to their contri-
bution to the total variance (measured by their singular value). Their respective
time-invariant loadings are

[
Γ̂ γ̂

]
, for f̂Γ ∈ Rr×T and f̂γ ∈ R(N−r)×T . This de-

composition is unique up to the scale of each factor, which allows us to normalize

13. Before the concatenation, each coefficient is detrended using an HP-filter. This takes care of
dataset-specific effects. We store the information needed to transform θ̃j back to the originally
observed objects to obtain source-specific predictions. For example, the income quantiles (that
would be one object ζ) in the SCF and the PSID (two sources j) may be permanently different
due to differences in sample design and operationalization.

14. The normalization of coefficient n in object ζ in dataset j is given by θ̃jnt =

(
θj
nt−µj

n

σj
ζ(n)

)
where

µj
n is the coefficient-specific mean and σj

ζ(n) is the standard deviation of all coefficients (rows)
pertaining to object ζ. This removes dataset- and coefficient-specific fixed effects, µj

n. This can
capture, e.g., permanent differences in sampling procedure and operationalization.
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the loadings so that all factors have unit variance. Altogether, we have:

θ̃ =
[
Γ̂ γ̂

] [f̂Γ
f̂γ

]
(18)

where f̂Γ represents the r important factors, which capture almost all of the vari-
ation in the data, and f̂γ the N−r less important factors, which can be interpreted
as some measurement noise. From this step, we identify an ideal functional ba-
sis fΓ (see Kneip and Utikal 2001; Tsay 2016), which determines the size of the
model. We then use Γ̂ in the model as the linear mapping between the high-
dimensional θ̃ and basis fΓ. The use of Γ̂ will be a necessary condition for the
proposed procedure of estimating our distributional factors. This will be elabo-
rated on in Section 3.2.3.

The estimation of Γ̂ requires time observations where every coefficient is ob-
served, yet some data sources will not satisfy this criteria at all—for example, the
SCF does not measure consumption ever. Observations from such incomplete
sources are therefore excluded from the PCA that yields Γ̂. In Appendix B, we
consider alternative estimators that accommodate partial unobservability in θ̃j ,
which we detail in Appendix B. Following standard practice, we select among
these alternatives the estimator with the highest marginal data density.

3.2.3 Factor State Space Model and Measurement

With this preprocessing of the data, we can turn to specifying the state-space
model that captures the evolution of the r latent distributional factors. Due to the
possible mixed-frequency nature of the data, we postulate a mixed-frequency
state space model as in Schorfheide and Song (2015), with the following aug-
mented state vector

Ft =
[
f ′
t f

′
t−1 . . . f ′

t−p+1

]′ ∈ Rrp×1, (19)

where Ft collects the r latent distributional factors ft, in addition to its p− 1 lags.
For the application of our methodology in Section 4, we set p = 4, with the high-
frequency data of interest being quarterly. To facilitate the reading across sec-
tions, we provide the example of this quarterly case herein, though the method-
ology easily generalizes to other frequencies.
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State Equation Stacking the lags directly with the q aggregate factors Yt
15 in the

state gives the following representation[
Ft

Yt

]
= Φ

[
Ft−1

Yt−1

]
+ ϵt =

[
ΦFF ΦFY

ΦY F ΦY Y

][
Ft−1

Yt−1

]
+ ϵt, ϵt ∼ N

(
0, Ω

)
(20)

and for the case of quarterly data

Ft−1 =


ft−1

ft−2

ft−3

ft−4

 ,ΦFF =


A 0 0 0

Ir 0 0 0

0 Ir 0 0

0 0 Ir 0

 ,ΦFY =


B

0

0

0

 ,ΦY F =


C

0

0

0


′

,ΦY Y = D,

where distributional factors ft are assumed to follow an AR(1) process, sum-
marized by the law of motion matrix A ∈ Rr×r. In addition, they are assumed to
co-move with aggregate factors Yt, whose relationship is summarized by loading
matrix B ∈ Rr×q and C ∈ Rq×r. To represent the correlation structure between
the aggregate factors, we posit D ∈ Rq×q and assume it is diagonal, i.e., no cross-
correlation between aggregate factors. All other matrices A, B and C are left
unrestricted. As in Schorfheide and Song (2015), the remaining rows of Φ are
defined to deliver the identities ft−l = ft−l for l = 1, ..., p − 1—hence the Ir in
the example of a quarterly estimation. While it is customary to restrict the inno-
vations, ϵt, to be uncorrelated, both serially and between factors, so that Ω is a
diagonal matrix, we do estimate both the variances and covariances of Ω. This
allows for a shock structure where innovations to the distributional factors can
be contemporaneously correlated with innovations to the aggregate factors.

Measurement Equation Since the factors are not directly observable, we com-
plement the factor model with an observation equation for each dataset j:

θ̃jt = Hj
t

(
αj Γ̂MFFt + νj

F,t

)
, νj

F,t ∼ N
(
0, Σ̂

1/2
j SjΣ̂

1/2
j

′
)

(21)

This observation equation maps factors Ft, through the loading matrix αjΓ̂MF , to
the standardized coefficients θ̃jt , allowing for a Gaussian measurement error νj

F,t.
The selector matrix Hj

t ∈ {0, 1}N×N indicates whether (parts of) the distribution
are observed in data source j at time t, following Durbin and Koopman (2012).
The Gaussian error term νj

F,t has a variance-covariance matrix decomposed into

15. Recall that the set of aggregate factors at time t depends on an information set that captures
both contemporaneous and past aggregate variation.
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Sj , a diagonal scaling matrix with diagonal entries sjζ varying by object ζ and Σ̂j ,
a positive semi-definite (covariance) matrix.

The diagonal matrix αj ∈ RN×N and the matrix Γ̂MF are constructed to take
time aggregation into account. Specifically, these matrices map the high-frequency
factors to the lower-frequency observations. For example, when the frequency of
interest is quarterly, as it is in the application, αj

ζ(n), ii takes one of two values:

αj
ζ(n), ii =

1
4

1
and Γ̂MF

ζ(n) =


[
Γ̂ζ(n), Γ̂ζ(n), Γ̂ζ(n), Γ̂ζ(n)

]
annual flow,[

Γ̂ζ(n),0,0,0
]

quarterly flow or stocks.

First, it can take a value of 1
4
, which means the distributional object corresponds

to an annual flow (e.g. the PSID income / consumption quantile function). The
1
4

can be interpreted as averaging over the four quarterly factors ft, . . . , ft−3 and
thus loads on all four quarters i.e., Γ̂MF

ζ(n) =
[
Γ̂ζ(n), Γ̂ζ(n), Γ̂ζ(n), Γ̂ζ(n)

]
. For stock vari-

ables (e.g. any wealth object for which the date is known), αj
ζ(n), ii = 1 and loads

exclusively on the contemporaneous factor block and the lagged blocks are set
to zero i.e., Γ̂MF

ζ(n) =
[
Γ̂ζ(n),0,0,0

]
, for 0 the same size as Γ̂ζ(n). The same holds for

the third case, quarterly flows (e.g., SIPP income, CEX), which again loads on the
contemporaneous block only. In terms of how αj varies by object, it is straight-
forward for the quantile functions, since each quantile function corresponds to
one variable at some point in time t; however, for the copula, since multiple
variables are necessary for its construction, the different measurements of the
variables could be mixed within e.g., annual income flows and stock wealth. In
these cases, for some point in time t, the lowest frequency is chosen among the
set of measurements.

Measurement Error The measurement error for the distributional data, νj
F,t, is

composed of sampling uncertainty and other errors that reflect the fact that a
given dataset has its specific operationalizations of the common economic vari-
ables being measured. Differences in operationalizations can not only shift the
level of a particular measurement (which we capture through fixed effects, see
Footnote 14), but can also become differentially important over time.16 In prin-
ciple, to fully capture these time-varying differences, we would need to esti-

16. For example, the PSID and SCF differ in the way they ask respondents about their business
wealth (Pfeffer, Schoeni, Kennickell, and Andreski 2016). PSID and CPS differ in the sampling
unit, making household/family income sensitive to labor supply patterns (Gouskova, Andreski,
and Schoeni 2010). Similarly, differences in the propensity to sample business owners between
the different datasets make income sensitive to relative changes in business and labor income
(Kim and Stafford 2000). Finally, the CEX and the PSID differ in the consumption categories
covered in the survey, with the PSID being much coarser (Insolera, Simmert, and Johnson 2021).
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mate a measurement error variance for each coefficient and dataset. However,
this would be too large a number of parameters to estimate within the time-
series model; a common problem when estimating approximate dynamic fac-
tor models with maximum likelihood (see e.g., Bai and Li 2016). The standard
approach in the literature uses quasi-maximum-likelihood with EM algorithms
(Doz, Giannone, and Reichlin 2012; Babura and Modugno 2014; Barigozzi and
Luciani 2019), but convergence to the global optimum is not guaranteed in high-
dimensional settings (Wu 1983; Balakrishnan, Wainwright, and Yu 2017).

For this reason, we do two things, the second of which will be discussed in
Section 3.2.4, when we cover our sampling procedure. First, we assume that
the correlation structure of all measurement errors is proportional to the corre-
lation structure for sampling uncertainty. Under this assumption, the matrix Σj

can be estimated outside the time-series model using bootstraps or the supplied
replication weights to estimate the covariance from sampling uncertainty by data
source j.17 This achieves differently the diagonality assumed in the aforemen-
tioned literature. This leaves N diagonal elements of Sj to be estimated within
the time-series model. To reduce the parameter count further, we constrain these
elements to vary only by dataset j and variable ζ , yielding just d+1 = 4 parame-
ters per dataset. Consequently, each diagonal element sjζ indicates by what factor
the sampling-based standard error for ζ must be inflated (or deflated) in dataset
j. Therefore, the overall measurement error variance in (21) is Σ̂1/2

j Sj(Σ̂
1/2
j )′.

Thus, similarly to feasible generalized least squares, we transform observa-
tions θ̃jt by pre-multiplying the coefficients with the external estimate Σ̂

−1/2
j

Σ̂
−1/2
j θ̃jt = Hj

t (α
jΣ̂

−1/2
j Γ̂MFFt + ν̃j

F,t) ν̃j
F,t ∼ N (0, Sj)

˜̃θjt = Hj
t (α

j ˜̂ΓMF
j Ft + ν̃j

F,t),
˜̂
ΓMF
j := Σ̂

−1/2
j Γ̂MF .

(22)

With the measurement error treatment in place, denoted by the additional tilde,
we can stack the J measurement equations, and with the aggregates, arrive at
the final measurement equation[

˜̃θt

Ŷt

]
= Ht

([
α
˜̂
ΓMF 0

0 IY

][
Ft

Yt

]
+

[
ν̃F,t

νY,t

])
νY,t ∼ N (0,ΣY ). (23)

17. We draw bootstrap samples / use the supplied replication weights for each dataset j,
{θ̃jt,b}Bb=1, for each period t. Then, we demean the bootstrap samples b for each j and t and
compute the average within-time variance-covariance matrix Σ̂j pooling the demeaned boot-
strap samples of the dataset j. If an object ζ is unobserved in dataset j, we set the covariance
terms to zero and the diagonal elements to one to still be able to compute Σ

−1/2
j .
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Note that the terms are free of the j index to indicate they have been vertically
stacked and note the additional appendage for the aggregates Yt. We treat the ag-
gregate factors to be observed with some noise ΣY , but still precise, since factors
are constructed from N ≈ 2000 series (details in Section 3.2.4).

In sum, the state-space model (20) and (23) forms a linear system of equations
that can be estimated using standard Bayesian techniques and a Kalman-filter.

3.2.4 Bayesian Estimation

We need to estimate seven objects. From the state equation, we need to es-
timate the factor-autoregression matrix A, the loading matrix B from aggregate
controls to distributional factors, the loading matrix C from distributional factors
to aggregate factors, the vector autocorrelation of the aggregate factors them-
selves, the diagonal of D, the variance-covariance matrix of the shocks to the
factors Ω, the variance-covariance matrices Σ

1/2
j SjΣ

1/2
j

′
and ΣY of the measure-

ment errors. In a first step, the covariance structure Σ1/2 is estimated outside the
time-series model, as noted above, leaving only the scaling matrices Sj to be esti-
mated within the model. Given the size of the A,B,C,D,Ω, Sj, and ΣY matrices,
we use a Bayesian approach to estimate the system. This imposes regularization
via priors on the parameters, as well as hyperpriors on the hyperparameters, to
avoid overfitting the data.

The estimation is then one of a fully hierarchical Bayesian state-space model
with mixed-frequency data. We collect all parameters and hyperparameters into
a single parameter vector ψ = (ψpar,ψhyper), estimated jointly. The remainder of
this section details the specific prior distributions onψ, first for the state equation
parameters and subsequently for those of the measurement equation.

State Equation For the state equation, we define the following prior:
vec(A)

vec(B)

vec(C)

diag(D)

 ∼ MN (µMinn, VMinn)

Lchol ∼ LKJChol(r + q, η)

T−1(ΩF,ii) ∼ N (µΩF
, σ2

F )

T−1(ΩY,ii) ∼ N (µΩY
, σ2

Y )

(24)

First, we impose a Minnesota prior on A, B, C, and diag(D). This means we set
the vector of expected values µMinn so that all but the autocorrelation terms in
A and D have an expected value of zero. This implies that B and C are shrunk
to zero and so are the off-diagonals of A if not needed to describe the data. The
remaining values, the expected values for the autocorrelations (main diagonal of
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A and D), are governed by hyperparameters described later in the section. For
the prior on Ω, we impose a separation strategy (see e.g., Barnard, McCulloch, and
Meng 2000) and decompose Ω into a diagonal of standard deviations Ωσ and a
correlation matrix Ωcorr i.e., Ω = Ωσ × Ωcorr × Ωσ

′. This avoids any apriori corre-
lation between variances and covariances, normally imposed in Inverse-Wishart
setups (Barnard, McCulloch, and Meng 2000). For the shocks, Ωσ is further de-
composed into ΩF and ΩY , imposing different priors on the standard deviations
of aggregate shocks and those of distributional shocks. It will be on the diagonal
elements Ωσ,ii for which we specify the priors.

For the parameters Ωσ,ii, we first draw from a set of Normal distributions
and map these parameters to R+ using the soft-plus transformation, denoted as
T (·). This provides flexible exploration for the optimizer by avoiding exponential
jumps from small perturbations in these parameters and avoids acceptance rates
being driven by out of bound draws (Chapter 55, Stan User Guide). For ΩF,ii, the
mean µΩF

is defined such that the apriori long-run variance of each distributional
factor is 1.0 =

µΩF

1−κ2
3
, consistent with our prior for autocorrelation (in the matrix

A) and factor normalization to unit variance. The same is done for the standard
deviations of the shocks to the aggregate factors, ΩY,ii, only using 1.0 =

µΩY

1−κ2
4
.

Hyperparameters κ3 and κ4 are discussed in more detail later.
For the estimation of the correlation matrix, Ωcorr, the matrix must satisfy

several constraints simultaneously which may be difficult to enforce in any opti-
mization: it must be symmetric, have a unit diagonal, and be positive semidef-
inite. To circumvent this, we employ a reparameterization strategy. The key
insight is to work with the Cholesky factor, Lchol where Ωcorr = Lchol L

′
chol. Fol-

lowing the methodology of Lewandowski, Kurowicka, and Joe (2009, hereafter:
LKJ), we construct the Cholesky factor, Lchol, from an unconstrained vector of
real numbers, v ∈ R(r+q)(r+q−1)/2 and it is precisely on this Cholesky factor that we
evaluate our prior. The LKJ-Choleksy prior will be governed by a single shape
parameter, η ≥ 1, which will control the expected correlation strength between
aggregate and distributional shocks.

For the state equation, there are |ψhyper| = 6 hyperparameters that are jointly
estimated with ψpar. One hyperparameter shapes VMinn; two hyperparameters
govern the autocorrelation in A and D; and the remaining three hyperparameters
govern Ω. See Appendix C for further information on these hyperparameters.

Measurement Equation First, for the distributional measurements, we spec-
ify independent priors for the measurement error variances for each dataset and
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object, sjζ . Recall that estimating the diagonal of Sj would imply one variance
parameter per coefficient n. As such, we impose the restrictions explained in the
previous section, assigning one variance parameter sjζ per object ζ and dataset
j. This means a maximum (since some measures are unobserved) of J × (d + 1)

variance parameters. To ensure strict positivity of sjζ while maintaining efficient
sampling, we again parameterize each variance using a softplus transformation
and place Normal priors on the unconstrained parameters T−1(sζ). For the dis-
tributional data, we assign a weakly informative prior centered such that the
expected variance is 1.0, with a standard deviation of 2.0. This says, first, on av-
erage, there is only sampling uncertainty and no additional measurement error
reflecting conceptual differences, but that, second, Σ̂j is still itself an estimate,
additionally perturbing each sjζ away from 1.18

T−1(sjζ) ∼ N (0.54, 2), T−1(ΣY,ii) ∼ N (−7.6, 0.02). (25)

For the aggregate factors, we impose highly informative priors on variances
ΣY,ii, reflecting the fact that these factors have been estimated with high pre-
cision. These priors are centered at a near-zero variance with a very narrow
standard deviation of 0.02, effectively constraining the model to treat these ag-
gregates as nearly perfectly measured.

Likelihood and sampling With this prior onψ, we obtain the model-likelihood
p(˜̃θ|ψ) using a Kalman-filter. The posterior log-likelihood is then calculated
as the sum of the hyperprior log-probability, the prior log-probability and the
data log-likelihood. To sample from the potentially complex, multi-modal, high-
dimensional posterior distribution, we employ the Differential-Independence
Mixture Ensemble (DIME) sampler from Boehl (2024). Details and convergence
results are in Appendix D.

3.3 Reconstructing and Using the Distributional Data

After finding the posterior mode of our model parameters, we apply the
Kalman smoother to recover the full path of latent factors {F̂t}Tt=1. Given these
smoothed factors, we then reconstruct the sequence of joint distributions, Ξ̂j

t ,
from the implied standardized series of polynomial coefficients. Appendix E
outlines the procedure.

18. Identical priors across datasets mean that we do not a priori prioritize a conceptual measure
for object ζ in one dataset over another. Setting different priors is generally possible if a particular
measurement concept should be prioritized on theoretical grounds.
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This estimation approach allows practitioners to use the above data in three
principal ways: First, in its factor representation, F̂t, second, in its functional rep-
resentation, θ̂jt , or, third, in its observational representation, e.g., quantile func-
tions and copula—

(
{Ξ̂−1

jmt}dm=1, dĈ
j
t

)
.

For example, if one is interested in replicating the exercise of Chang and
Schorfheide (2024), one can use the second representation and use the coefficients
related to the marginal distributions of interest in their distribution-augmented
VAR. If one is only interested in augmenting a VAR with a low-dimensional sum-
mary containing virtually all variation in the joint distribution of consumption,
income, and wealth—in the style of these factor-augmented VARs—one can use
the first representation.

Lastly, one can use the coefficients to generate some data of economic interest
and work with this economically interpretable/meaningful data directly. One
can generate the quantile functions and copula densities, but also other common
statistics of interest for the marginal distributions, such as, gini coefficients of
consumption, income, or wealth; levels, quantiles, shares, etc. and objects that
arise from the correlational structure (the copula density) for example, correla-
tion measures, conditional probabilities (e.g., population shares), kendall’s tau,
and tail-dependence.

For the application in Section 5, we adopt (3) and use the quantile functions
and copula densities to generate a synthetic micro-dataset Xit, which will ul-
timately be a pseudo-panel. From the quantile functions, we obtain average
realizations of all variables m for different (representative) households i, each
defined by a range of ranks u ∈ Um

i (e.g., deciles). We do this by integrating
the quantile functions over Um

i , i.e., forming conditional expectations. By having
also estimated the copula density, we can combine these averages for household i

with the household’s probability weight by integrating the copula densities over
some hyper-rectangular region, defined by ranks

∏d
m=1 U

m
i . Below is precisely

this combination, for the example of the distribution of consumption, income,
and wealth, which together forms a single row of the pseudo-panel:

Xj
it =


cjit
yjit
wj

it

ωj
it

 =


1

|Uc
i |

∫
u∈Uc

i
Ξ̂−1
jct(u) du

1
|Uy

i |

∫
u∈Uy

i
Ξ̂−1
jyt(u) du

1
|Uw

i |

∫
u∈Uw

i
Ξ̂−1
jwt(u) du∫∫∫

(uc,uy ,uw)∈Uc
i ×Uy

i ×Uw
i
dĈj

t (u
c, uy, uw)

 . (26)

In this example, we have a synthetic (representative) household i, where (U c
i ×
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Uy
i ×Uw

i ) is the quantile combination that defines household i, e.g., the first decile
in consumption c, the third decile in income y, and the seventh decile in wealth
w. The mass, ωi, of the households in that cell defines a weight for that synthetic
household.19 The |Um

i | refers to the Lebesgue measure over the Um
i to generate

the representative (average) household in this interval i.e., |Um
i | = bmi −ami for a, b

end points of the closed interval Um
i . This implementation implies that, without

the need for sampling, we obtain an output that can be immediately interpreted
as synthetic microdata. As illustrated above, Xj

it is dataset specific, but one can
obtain a consensus estimate across datasets as a simple average of the dĈj

t and
Ξ̂−1
jmt over datasets j or, alternatively, as a weighted average by using the inverse

measurement error standard deviations (by object and dataset) as weights.

4 Credibility Checks

Before turning to the application, we evaluate the reliability of our procedure
step-by-step using actual (Section 4.1) and simulated data. This addresses two
potential concerns: (i) Does the factor representation lose information? (Section
4.2) and (ii) Does the state-space model predict accurately when data are miss-
ing? (Section 4.3). We first show that the factor representation preserves the in-
formation needed for state-space estimation, validating the approach described
in Sections 3.2.1 and 3.2.2. Without this reduction step, we would need to track
and propagate a high-dimensional set of distributional coefficients directly in the
state-space model (as in Chang, Chen, and Schorfheide 2024), which is computa-
tionally infeasible in our setting. The mapping from these noisy coefficients and
latent distributional states then defines our measurement equation, whose pri-
ors and hyperparameter choices are validated in Appendix F (validating in part
Section 3.2.3 and Section 3.2.4), showing that the estimated path of the functional
data falls reasonably well into the bounds given by sampling uncertainty.

With the functional state-space model in place, we perform three further ex-
periments to address the second concern. The first two experiments show that
the model predicts well omitted survey waves using actual data. The third ex-
periment evaluates the procedure in a controlled environment with a known
data-generating process, using the heterogeneous-agent model of Bayer, Born,
and Luetticke (2024). Results from these experiments show the resulting syn-
thetic microdata closely match the omitted observations, indicating that the es-

19. The integrals can be calculated very efficiently as time varying linear combinations of the
time invariant integrals of the basis functions.
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timated state-space model successfully captures time-series fluctuations in the
distributional data (thereby validating the procedure in Sections 3.2.3 and 3.2.4)
and in particular, when the data-generating process is known. In Appendix G,
we further show that our reconstructed distributional data agree well with the
cyclical fluctuations (for the coverage of measures) found in the World Inequality
Database (WID) and the Distributional Financial Accounts (DFAs).20

4.1 Data

To test and apply our method, we estimate the joint distribution of consump-
tion, income, and wealth at the household level for the United States from 1962
to 2024. We rely on commonly used microdata for the U.S.: the Consumer Ex-
penditure Survey (CEX), Current Population Survey (CPS, Flood et al. (2023)), Panel
Study of Income Dynamics (PSID), Survey of Consumer Finances (SCF); including
the historical backfiles (SCF+), and the Survey of Income and Program Participation
(SIPP).21

We abstain from any sample selection in all of these datasets. For the CEX
and SIPP income, which are at quarterly frequency, we remove seasonality using
X-13 ARIMA-SEATS. We date CPS to quarter 4; the PSID is assumed to reflect
quarter 2; and the SCF is dated to quarter 3. SIPP income data are aggregated
to quarterly level and then naturally assigned to the respective quarter; wealth
assignment depended on the survey vintage.22 Further details on the microdata
and in particular how the respective measures are defined can be found in Ap-
pendix H. Table 1 lists the distributional objects from each dataset, together with
the sampling period. Note again that we require at least one dataset j that in-
cludes all objects, which in our case is the PSID between 1999 to 2021.

In terms of aggregate data, we use a wide range of standard business cycle
data (GDP, consumption, employment, etc.) as well as data on household bal-
ance sheets, expectations, asset prices, and interest rates from McCracken and

20. Note that all trends will be fitted by construction, see Section 3.2.1.
21. The methodology accommodates permanent and time-varying differences in measurement,

but major survey redesigns require intervention. For the CPS (1992) and SIPP (1996, 2013), we
treat pre- and post-break data as separate surveysi.e., distinct measurements of the distribution
to avoid spurious dynamics from seam bias.

22. Documentation on the timing of the CPS can be found here, pg. 6. For the timing of the
SCF, see here, pg. 33. For the PSID, interview dates are provided as variables, with the vast
majority of interviews falling in quarter 2. Given the PSID reports annual income and the model
is estimated with mixed-frequency, this quarter 2 assignment only affects the timing of wealth,
which is always dated to the interview date. For data on consumption and income, which is for
the year prior, it needed to be scaled by the growth rate of their respective aggregate to align with
the timing of wealth, which facilitates the interpretation of the copula.
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Table 1: Micro Data Sources and their Sample Periods

Object CEX CPS SCF PSID SIPP

Consumption quantiles 1984Q4 - 2021Q4 - - 1999Q2-2021Q2 -

Income quantiles 1984Q4 - 2021Q4 1967Q4-2022Q4 1962Q3-2022Q3 1968Q2-2021Q2 1983Q3-2022Q4

Wealth quantiles - - 1962Q3-2022Q3 1983Q2-2021Q2 1983Q3-2022Q4

Copula densities 1984Q4 - 2021Q4 - 1962Q3-2022Q3 1983Q2-2021Q2 1983Q3-2022Q4

Notes: The table reports sample periods for different micro datasets across the different objects.

Ng (2021). We include data from 1962Q3 to 2024Q1. The starting point of the ag-
gregate data determines the earliest date for the sample periods of the microdata
used. From these aggregate time series, we extract the 11 most important factors.
Details on the macro-data can also be found in Appendix H. Further details on
factor selection and estimated parameters are available upon request.

4.2 Precision of the Factor Model

Figure 4:
Quantile Functions: Raw vs. Approximation (Important Factors)

Consumption Income Wealth

(a) 1st to 5th Decile (b) 6th to 9th Decile (c) Top Decile

Approximation Data

Notes: Figure shows the quantile functions (mean within decile) for consumption, income, and
wealth deciles from the survey data (squares) and an approximation (circles) using only the fluc-
tuations in the most important factors in (18). Consumption panel shows quantile functions for
CEX consumption. Income panel shows quantile functions for CEX income. Wealth panel shows
quantile functions for SCF wealth. Dotted lines show linear interpolation between survey waves.

The first step in our procedure is to estimate Legendre polynomial coefficients
for the functional representation of the distribution. Then, we estimate the fac-
tor structure in these coefficient data. Since we only retain “important” factors,
we potentially introduce an approximation error (relative to the data) resulting
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Figure 5: Copulas: Raw vs. Approximation (Important Factors)

(a) C, Y, and W (b) Y and W (c) C and Y

Notes: Figure shows the Kullback-Leibler divergence between the raw-data copula and two ref-
erence copulas, by survey year. The black dashed line represents the divergence between the
time-averaged copula and the raw data copula for each survey year. The red solid line represents
the divergence between the copula obtained by allowing only the most important factors in (18)
to fluctuate and the raw data copula for each survey year. Panel (a) is from the PSID (Consump-
tion, Income, and Wealth), Panel (b) is from the SCF (Income and Wealth), and Panel (c) is from
the CEX (Consumption and Income).

from forcing “unimportant” factors ft to take time-averaged values. The size
of the approximation error can be controlled by choosing how many factors to
keep. We choose to retain the eight most important factors, which explain 99%
of the (business cycle frequency) variation of the distribution (i.e., of θ̃ to be pre-
cise). The different panels in Figure 4 visualize the approximation error in our
application by showing some of the implied deciles. The figure compares the
observed conditional decile means for consumption (bottom five), income (next
four), and wealth (top) (squares) with their approximated counterparts (circles).
The comparison for all deciles and variables looks analogously and is available
upon request.

We find that the factor model with its eight main factors is very close to the
distributional dynamics over time. The circles are typically entered around the
midpoint of the squares. Figure 5 compares the copula over time between the
approximation and the raw data. We do this in terms of the Kullback-Leibler
divergence. The dashed black line shows how distant the actual distribution is
from its long-term average (how much variation is there to capture), and the solid
line shows the difference between the actual distribution and the approximation
based on the important factors only (how much the factors do not capture). The
Kullback-Leibler divergence of the actual copula from its long-run average is
between 0.075 and 0.12 (between 1999 and 2019), while the divergence between
the approximation and the actual distribution is almost two orders of magnitude
smaller. To put this simple: There are significant fluctuations in the copulas over
time, but the factors are able to capture them well.
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4.3 Predictability of Distributional Data

To validate how well the method can predict distributional dynamics, we
perform three experiments. The first experiment fixes the model parameters to
that of the baseline and removes some waves of microdata as inputs when run-
ning the Kalman smoother. This experiment answers the question how infor-
mative are the model structure, aggregate data, and other available microdata
for pinning down the distributional series when some survey waves are miss-
ing, holding parameters fixed. The second experiment in essence performs the
same thing, but re-estimates the model. This experiment takes into account that
changes in the data also imply changes in the model parameter estimates. In
the final experiment, we evaluate our model’s ability to recover distributional
dynamics generated from a heterogeneous agent model. We show the results of
these experiments in Figures 6, 7, and 8.

4.3.1 Predicting Omitted Survey Waves

For the first experiment, we first include only every fourth CEX survey year
in the estimation, mimicking the fact that countries in Europe only survey con-
sumption every four years and reducing the number of CEX survey years in-
cluded in the Kalman smoother from 38 to 10. The resulting estimates from this
estimation with less data are shown in Figure 6. We show the average of the top
10%, next 40% and bottom 50% for the measures in the CEX: consumption (Pan-
els (a) to (c)) and income (Panels (d) - (f)). Note the large sampling uncertainty
around the CEX data, whose 95% confidence intervals are displayed as a red er-
ror band. For this reason, even in the data-rich specification (with all CEX data),
the smoothed estimate regularly deviates from the raw distributional data, with
correlations of the two around 95%. The correlation of the smoothed data using
only every fourth survey year with the data using every survey year is very high,
meaning that the model can predict the consumption distribution well.

The bottom row of Figure 6, Panels (g) to (i), presents a different exercise. We
run 17 mini experiments, each time dropping one SCF wave and generating new
smoother estimates. This gives us 17 smoothed distributional data series along-
side the one using all SCF waves. The solid lines are estimates from using all
the SCF data. The squares represent the smoothed predictions corresponding to
the timing of each omitted survey wave. The circle shows the direct empirical
estimate of the corresponding survey (with its confidence limits). For example,
for Panel (g), the square for 1992 is the prediction for the wealth distribution
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Figure 6: Predictability of Distributional Data (given the Baseline Parameters)

Consumption by Consumption Percentile

CEX data vs. estimates from using CEX every 4 years

(a) Bottom 50 Percent (b) 50-90 Percent (c) Top 10 Percent

Income by Income Percentile

CEX data vs. estimates from using CEX every 4 years

(d) Bottom 50 Percent (e) 50-90 Percent (f) Top 10 Percent

Wealth by Wealth Percentile

Removing one SCF wave at a time

(g) Bottom 50 Percent (h) 50-90 Percent (i) Top 10 Percent

Baseline Less Data

Notes: The figure shows baseline model estimates for consumption (Panels (a) to (c)), income
(Panels (d) to (f)), and wealth (Panels (g) to (i)) for different samples. Baseline estimates using
all data are always shown as a solid red line. Panel (a) to (f): less data (dashed blue line) shows
smoothed estimates when CEX microdata enters the smoother only every fourth year (black solid
dots). Empty dots denote the observations removed from the Kalman smoother. Panel (g) to
(i): shows smoothed estimates when only a single SCF wave has been dropped in the Kalman
smoother. The black squares show the prediction of the dropped data at the survey wave and
the dots show the empirical estimate from the survey data in that wave. Error bars/bands in all
figures indicate 95% confidence bounds for each individual survey sample.
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Figure 7: Predictability of Distributional Data (Re-estimating the Model)

Consumption by Consumption Percentile

CEX data vs. estimates from using CEX every 4 years

(a) Bottom 50 Percent (b) 50-90 Percent (c) Top 10 Percent

Wealth by Wealth Percentile

Removing microdata from last 4 years of estimation

(d) Bottom 50 Percent (e) 50-90 Percent (f) Top 10 Percent

Removing microdata from the housing cycle

(g) Bottom 50 Percent (h) 50-90 Percent (i) Top 10 Percent

Baseline Less Data

Notes: The figure shows baseline model estimates for consumption (Panels (a) to (c)) and wealth
(Panels (d) to (i)) for different samples. Baseline estimates using all data are always shown as
a solid red line. Panel (a) to (c): less data (dashed blue line) shows the smoothed estimate that
results from a re-estimation of the model (and Kalman smoother) when CEX microdata enters
only every fourth year (black solid dots). Panel (d) to (f): less data (dashed blue line) shows
smoothed estimates when the last four years of all microdata have been dropped in model es-
timation (2020Q1 to 2024Q1) and the Kalman smoother. Empty dots denote the observations
removed from the re-estimation and Kalman smoother. Panel (g) to (i): same exercise as (d) to (f)
but dropping the observations over the house price cycle (2004Q1 to 2009Q4). Error bars in all
figures indicate 95% confidence bounds for each individual survey sample.
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where the 1992 SCF survey did not enter the smoother. The fact that the squares
are virtually on top of the solid line implies that, conditional on the model, a
single observation of the distributional data has little effect on the smoothed se-
ries. In other words, the model structure, aggregate factors, and other surround-
ing micro-data collaborate well in imputing the missing wave. An exception to
highlight happens in 2004 during the housing boom, where the model (squares)
predicts greater cyclicality than shown in the baseline (red line — with all data).

The first row of Figure 7 repeats the CEX exercise of Figure 6 for the CEX but
now re-estimates the entire model. The first row of Figure 7 shows the resulting
reconstruction. The difference to Figure 6 is small, reconfirming our claim that
the estimation procedure can impute well distributional data. The second and
third rows show this in a different vein for wealth, which is observed least fre-
quently. In both rows, we remove a contiguous block of wealth microdata and
ask whether the model can still recover distributional dynamics from aggregate
data and the remaining (surrounding) microdata. In the second row, we omit
the last four years of the sample (2020Q1-2024Q1) to evaluate nowcast perfor-
mance for the wealth distribution. In the third row, we omit all wealth microdata
during the housing cycle (2004Q1-2009Q4), a period with large swings in wealth
inequality (Kuhn, Schularick, and Steins 2020).23

Across all exercises, the reconstructed series obtained with withheld micro-
data closely track the baseline estimates, indicating that the model captures wealth
distribution dynamics even during periods without microdata-consistent with
evidence that aggregate factors account for an important share of distributional
fluctuations (Kuhn, Schularick, and Steins 2020; Bayer, Born, and Luetticke 2024),
and by information from surrounding microdata, since smoother estimates in-
corporate the full set of observations.

4.3.2 Predicting Dynamics from a simulated HANK model

Thus far, we have examined the model’s ability to predict intentionally omit-
ted data. While informative, these tests do not fully resolve a central concern: in
empirical settings, the underlying distributional dynamics are only imperfectly
observed and agreement with these sparse microdata (or external benchmarks,
see Appendix G) is not definitive proof that the model recovers the true latent
process. To assess this, we study the model in a controlled environment with a

23. We also consider an alternative housing-cycle window (2007Q4-2011Q4) to assess pre-
dictability during the recovery phase. Appendix I, Table 9 reports correlations between the base-
line estimates and all missing-data estimates, including this alternative window.
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known data-generating process. For this purpose, we simulate a heterogeneous
agent business cycle (HANK) model (concretely, from Bayer, Born, and Luetticke
2024) as a data-generating process. This model is well suited to our setting, as
it generates business-cycle fluctuations in general equilibrium in response to a
set of aggregate shocks and their interaction with the joint distribution of house-
holds, also characterized by a copula and a set of marginals. The simulation
produces functional distributional data, which we can use to draw micro-data
comparable to ones actually available.

We simulate one economy for T = 2200 periods (quarters). For each period
t, we buffet the HANK model economy with a series of aggregate shocks, whose
effects propagate through linearized policy functions—only first-order responses
are retained. From the resulting joint distribution, we generate four samples: A,
B, C, and D. Each sample is drawn from the copula histogram, ensuring that the
samples preserve the correlational structure between economic measures. Sam-
pling is stratified along each dimension to ensure coverage of the marginal dis-
tributions. Each simulated household defines a unit of observation and is char-
acterized by its consumption, income, and wealth and a sampling weight. We
abstract from unit-level measurement error.

Samples A, B, C, and D are designed to mimic one dataset from the U.S., each
representative, but with differences in their degree of missingness and precision.
Dataset A can be considered a modern PSID-like dataset: 9,000 household obser-
vations per survey, containing consumption, income, and wealth, and released
every two years. Dataset B can be considered CPS-like: 60,000 observations per
survey (very precise), with only income, released every year. Dataset C can be
considered a CEX-like dataset: 3,000 observations per survey, with income and
consumption, released every quarter. Dataset D can be considered an SCF-like
dataset: 5,000 observations per survey, with only wealth and income observed,
released every three years. We abstract from differences in operationalization
across the different sample measurements.

The aggregate shocks driving the economy are also recorded at each t, whose
factor representation will be used in our state-space system.24 Before proceed-
ing, the initial 1200 periods are discarded as burn-in, ensuring that the simulated
economy has converged to its ergodic distribution independently of initial con-
ditions. The remaining 1000 periods are kept for the exercise and split into 10
chunks, obtaining 10 economies observed for 100 quarters each. Accordingly,

24. The HANK economy is subject to shocks in total factor productivity, investment-specific
technology, consumption wedges, labor wedges, technology, monetary policy, government
spending, fiscal policy, and household preferences. For a full description of the model, see Bayer,
Born, and Luetticke (2024) and the associated BASEtoolbox.jl code repository.
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we can run 10 separate estimation exercises that are comparable to the actual
data also in terms of the time that they span (25 years, similar to the available
PSID waves containing consumption). In the end, the procedure suggests five
distributional factors and eight aggregate factors.

Table 2: Time-Series Correlations: Model Estimates vs. HANK Simulated Truth

Consumption Income Wealth

Percentile Group DDFM Sample C DDFM Sample A DDFM Sample D

By Consumption Groups

Bottom < 50 96 84 98 76 – –
Middle 50-90 97 84 96 55 – –
Top > 90 93 42 92 55 – –

By Income Groups

Bottom < 50 98 88 98 72 72 46
Middle 50-90 90 78 96 34 69 33
Top > 90 85 42 98 72 81 61

By Wealth Groups

Bottom < 50 – – 95 50 96 96
Middle 50-90 – – 94 49 81 79
Top > 90 – – 81 45 87 31

Notes: The table shows correlations between two benchmarks and the HANK simulated truth.
Column DDFM shows correlations between the HANK simulated truth and our model esti-
mates (DDFM). Column Sample X shows correlations between the HANK simulated truth and
a linearly-interpolated Sample X ∈ {C,A,D}. As in the figure above, conditional moments are
averages by Percentile Group (Bottom 50%, Middle 50-90%, and Top 10%) of the distribution of
consumption, income, and wealth and all time series are relative to the economy-wide average.
Since Sample C does not contain wealth information and Sample D does not contain consumption
information, correlations of conditional moments involving these variables cannot be computed.
Sample B, which contains only income, is omitted for brevity. Correlations are averages over the
ten simulated economies.

We use the four survey-style samples (A–D) as microdata inputs to our dy-
namic factor method alongside the factor representation of the aggregate shocks
from the HANK model. The resulting estimates are labeled as Distributional Dy-
namics Factor Model (DDFM) and compared to two benchmarks. The first bench-
mark are the values we obtain directly from the model simulation, the Truth.
The second benchmark is a linearly-interpolated series of (conditional) cross-
sectional sample moments for some variable and dataset X. The interpolation
points would be the survey release dates. This naive Sample X benchmark ig-
nores that the samples (A–D) are, in fact, just samples of an underlying distribu-
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tion that has some dynamic structure.
Table 2 compares two benchmarks to the HANK simulated truth. First, col-

umn DDFM reports correlations between the HANK simulated truth and our
DDFM estimates generated from using the incomplete samples. Column Sam-
ple X reports correlations between the HANK simulated truth and the linearly-
interpolated sample X ∈ {C,A,D}. These are time correlations, averaged over
the ten simulated economies. We find that our DDFM estimates are an improve-
ment over the correlations of the linear-interpolation with the true distributions.
In most cases, the correlation between the truth and DDFM implied distribu-
tional summary statistics are well above 90%. This suggests that the model ap-
proximates well the marginal distributions as well as the correlational structure
across variables.

Figure 8 provides the results of this exercise visually (for economy 1), plot-
ting the evolution of consumption, income, and wealth by groups, relative to the
economy-wide average. The figure compares the DDFM (solid red) estimates
to the HANK simulated truth (dotted blue). For comparison, we plot naive es-
timates using Sample A in a light-pink line; simply a linear-interpolation of the
black triangles which mark the observations in Sample A. This also visualizes
the sparseness of the data that enters our estimation. In general, the movements
across the DDFM and the HANK simulated truth are in sync, denoted by the high
correlation and around the same magnitudes, denoted by the high R2 across pan-
els.25 Using the naive linear-interpolation would miss key distributional move-
ments, especially for consumption and income.

5 Distribution Dynamics over the Business Cycle

The focus of our paper is to provide a method for synthesizing dynamic dis-
tributional data from micro and macro data inputs. In the previous section, we
have established the reliability of that procedure. Before concluding, we show
the usefulness of synthetic data in two application examples. The first exam-
ple is still closely related to the dynamic distributional factor model that builds
the backbone of our method. We ask what role aggregate shocks play in driv-
ing the dynamics of distributions. We find that aggregates explain most of the
movements in the distribution in line with Bayer, Born, and Luetticke (2024)
finding for an estimated HANK model. Second, we show how the method con-

25. The wealth quantile function is steeper in the upper decile than the degree-11 Legendre ex-
pansion can resolve and the fat tail leads to a small sample bias of average wealth. Both together
a −2 to −3% downward bias in the Top10 mean. Half of this is sampling, half the order of the
polynomial being somewhat too small.
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Figure 8: Model Estimates (in red) vs. HANK Simulated Truth (in blue)

Bottom 50%

50–90%

Top 10%

Consumption Income Wealth

DDFM HANK Simulated Truth HANK Data Used

Notes: The figure reports estimates for consumption, income, and wealth relative to their
economy-wide average. Estimates are shown for three groups: the bottom 50%, the next 40%,
and the top 10%. Each panel compares model estimates with the HANK simulated truth. Model
estimates (DDFM) from incomplete samples are shown as a solid red line; HANK Simulated Truth
is shown as a dotted blue line. The black triangles labeled HANK Data Used correspond to the
sample observations employed in estimating the red line (calculated based on the polynomial
quantile estimator). Corr. to Truth reports the correlation between the red and blue lines. R2 to
Truth is the coefficient of determination from regressing detrended HANK simulated truth on
detrended model estimates.

tributes to ongoing debates on interpreting and understanding macroeconomic
dynamics. We document in our synthetic data characteristic differences across
recessions in terms of their consumption distribution impact. This speaks to the
emerging literature studying how consumption distributions and consumption
risk move over the business cycle (see e.g., Berger, Bocola, and Dovis 2023; Bil-
biie et al. 2025; Patterson 2023).
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Table 3: FEVD on the Distributional Factors, percent contribution of shocks

Distributional Factor No. 1 2 3 4 5 6 7 8

Aggregate shocks 99 99 70 89 93 86 86 77
Distributional shocks 1 1 30 11 7 14 14 23

Notes: Table reports the forecast error variance decomposition (FEVD) for the eight estimated
distributional factors. Identification is via a blocked cholesky with aggregates ordered first. The
columns show the percentage of variation in each factor explained by distributional shocks ver-
sus aggregate shocks. This is over a five-year horizon.

5.1 What drives the distribution dynamics?

Since the dynamic factor model that we estimate is a linear model, it allows
us to answer straightforwardly the question whether the dynamics of the distri-
bution is driven primarily by specific distributional shocks, e.g., skills becoming
more diverse, asset returns more dispersed, intertemporal preferences more dif-
ferent over time, or whether aggregate shocks are driving the distribution. Bayer,
Born, and Luetticke (2024) provides an analysis of this question based on selected
distributional information and a structural HANK model. They find that aggre-
gate shocks explain well the actual evolution of wealth inequality even at lower
frequencies. In a more reduced form manner, but with the same message, Kuhn,
Schularick, and Steins (2020) argue that price changes are essential to understand
wealth dynamics.

Here, we revisit this question within our much less structural DDFM. For this
purpose, we compute a forecast error variance decomposition (FEVD) for the dis-
tributional factors for the five-year horizon. Because reduced-form innovations
in the state equation are correlated (i.e., Ω is non-diagonal), the FEVD is based
on an identification that orthogonalizes shocks. Specifically, we apply a blocked
Cholesky factorization with aggregates ordered first. This distinguishes between
aggregate shocks as a whole and distributional shocks as a whole but makes no
assumption on their causal ordering within group. Table 3 reports the results
of this exercise. We find that aggregate shocks explain at least 70 percent of the
variation for every factor. For six out of eight factors, the contribution exceeds 85
percent.

While these results for the factors are informative, it is not clear what this
means for moments of the data that one would typically look at, like consump-
tion of the poor or the rich. As these moments are linear in the factors, we can
directly apply the FEVD.26 Table 4 reports the contribution of aggregate shocks
for these better interpretable moments, decomposing the marginal distributions

26. We refer the reader to Appendix E for the transformations from factors to observables.
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Table 4: FEVD of group means and population shares. Percent contribution

Conditional means of ...

Consumption Income Wealth

Group D.-shocks A.-shocks D.-shocks A.-shocks D.-shocks A.-shocks

Bottom 20% 19 81 17 83 20 80
Bottom 20 – 40% 18 82 10 90 06 94
Middle 40 – 80% 20 80 21 79 15 85
Top 20% 20 80 10 90 06 94

Population shares with ...

Low Consumption High Consumption

Low Y, Low W 42 58 44 56
Low Y, High W 40 60 42 58
High Y, Low W 42 58 40 60
High Y, High W 45 55 42 58

Notes: Table reports the forecast error variance decomposition (FEVD, five year horizon) of
Table 3 mapped to observables consumption, income, and wealth. The top panel looks at con-
sumption, income, and wealth group means across four household groups given by the bottom
20%, the next 20%, the next 40% and the top 20% of the distribution of the respective variable
(consumption (C), income (Y), and wealth (W)). The bottom panel reports the corresponding
FEVD for the population shares that have any combination of above/below median consump-
tion, income, and wealth. Identification is via a blocked cholesky with aggregates ordered first.
Entries show the share of variation explained by distributional shocks versus aggregate shocks.

of consumption, income, and wealth for four household groups: the bottom 20%,
the bottom 20 – 40%, the bottom 40 – 80%, and the top 20% (top panel). We find
that, typically, aggregate shocks explain 80 percent of the variation in consump-
tion and even more for income and wealth. Looking at changes of the copula,
here represented as the change in the share of four population groups within the
joint distribution, for example, all observations with below median consump-
tion, income, and wealth (“Low Consumption, Low Y, Low W”). We now find
that distributional shocks are more important, explaining around 40 percent of
the fluctuations. At the same time, this means that aggregate shocks still generate
the majority of fluctuations.

5.2 Consumption Dynamics over the last three recessions

The relative distribution of consumption losses in recessions has received
considerable attention in the macroeconomic literature (e.g., Coibion et al. 2017;
Cloyne, Ferreira, and Surico 2020; Bilbiie et al. 2025; Holm, Paul, and Tischbirek
2021; Fagereng, Holm, and Natvik 2021). The motivation is partly normative, in
the sense of identifying groups that benefit or are adversely affected, and partly
theoretical because a greater cyclicality of incomes of high-MPC households can
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destabilize the economy (Bilbiie 2020). Using our synthetic data, we trace con-
sumption dynamics along both the marginal and joint distributions of income
and wealth across the last three U.S. recessions. We find that their distributional
consequences are state-dependent: wealth losses dominated the dot-com bust,
balance-sheet distress the financial crisis, and income disruption COVID-19. In
each case, the most affected households are identified by their position in the
joint distribution—not by income or wealth alone—challenging research strate-
gies that rely on marginal distributions and unconditional cyclical elasticities.

To begin, for the three recessions, we first consider the consumption dynam-
ics of households along the marginal distributions of income and wealth, creat-
ing four groups: (1) the bottom 20%, (2) the 20% to 40%, (3) 40% to 80%, and
(4) the top 20%.27 These are the first two rows of Figure 9. For the final row,
we then consider the joint distribution and estimate consumption dynamics for
four key household groups. Group (i) consists of liquidity-constrained hand-to-
mouth households, defined as the bottom 20% income and bottom 20% wealth;
group (ii) is a population of asset-rich, low-income households which offers some
resemblance to the wealthy hand-to-mouth, defined here as the bottom 40% of
income but top 30% of wealth; group (iii) is the middle class, presumably pru-
dent, patient “buffer-stock” households, located between the 40% to 80% in both
income and wealth; and group (iv) comprises the richest households in terms of
income and wealth, largely unconstrained, presumably Permanent Income Hy-
pothesis households, residing in the top 20% in both income and wealth.28

For all groups, absolute consumption falls in a recession and rises in a recov-
ery; therefore, we compare the business cycle dynamics of consumption for the
different income and wealth groups, in each period t, relative to the household-
wide consumption average at period t and then index these relative consumption
dynamics to the quarter preceding the recession (the peak).29 In this sense, our

27. The income measure we use includes transfers, but is not net of taxes.
28. For our analysis, groups are defined by contemporaneous ranks, so membership can change

from quarter to quarter. While this implies some churning relative to a true panel, it remains
informative because it tracks the currently vulnerable population relevant for real-time policy
and because compositional changes within our broad bins are unlikely to overturn the qualitative
patterns (residual churning is concentrated near bin cutoffs) (cp. Kuhn, Schularick, and Steins
(2020)).

This interpretation is consistent with evidence that mobility is limited: positive shocks required
for upward mobility are rare at the bottom, while large negative shocks are infrequent at the top
(Guvenen et al. 2021); hand-to-mouth status is persistent (Aguiar, Bils, and Boar 2025); wealth po-
sitions are especially sticky due to persistent heterogeneity in returns (Fagereng et al. 2020); and
earnings mobility is largely confined to adjacent deciles (Ettmeier, Hyun Kim, and Schorfheide
2024). Using coarse groups mitigates these concerns, though they become more salient when
conditioning on multiple dimensions.

29. We construct symmetric 3-quarter moving averages and use this moving average for the
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goal is to understand how a group’s consumption shifts relative to the aggregate
over a business cycle. The observable deviations from the aggregate represent
the net impact of the distributional channels at work, which in turn amplify or
dampen the corresponding macroeconomic shocks. Figure 9 summarizes how
these deviations are distributed across households depending on the nature of
each recession.

Dot-com recession (Panels a, d, g). This recession resembles a financial wealth
shock as income differences played little role: The consumption dynamics are
uniform along the income distribution (Panel a), whereas along wealth (Panel d),
low-wealth households gained relative to average—benefiting from aggressive
rate cuts—while the wealthy lost ground. The asset-rich, low-income group (pur-
ple, Panel g) suffered heavily, as their equity wealth collapsed.

Global Financial Crisis (Panels b, e, h). This recession looks like a balance-
sheet recession where now low-wealth, indebted households (Panel e) experi-
enced the sharpest consumption declines—around 10% (evidence for the balance-
sheet channel from Mian, Rao, and Sufi (2013)). Low-income households fared
relatively well (Panel b), supported by fiscal transfers. The wealthy remained
stable or gained.

COVID-19 recession (Panels c, f, i). During this last recession, income be-
comes the dominant dimension: relative consumption is almost perfectly in-
versely ordered by income (Panel c). The bottom 20% gain roughly 10% relative
to average (due to large government transfers). By wealth (Panel f), the pattern
differs: low-wealth households lose persistently with no recovery two years out.
The asset-rich, low-income group (purple, Panel i) outperforms all others by over
20%, benefiting from transfers, asset-price rebounds, and insulation from labor-
market shocks.

The key finding is state-dependence: the channels through which recessions af-
fect households—financial, balance-sheet, or labor-market—vary with the nature
of the shock. During the dot-com bust, wealth mattered; during the Global Fi-
nancial Crisis, debt mattered; during COVID-19, income and fiscal transfers mat-
tered. Neither income nor wealth alone is a sufficient statistic for understanding
consumption dynamics. This state-contingency cautions against research strate-
gies that rely on uniform unconditional cyclical elasticities. It underscores that
stabilization policy needs to diagnose the primary channel through which a crisis
operates and take a holistic view of the sum of all stabilization measures.

normalization to the pre-recession quarter.
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Figure 9: Comparison of Consumption Dynamics during Recessions

Consumption Dynamics by Income

(a) Dot-com (b) Global Financial Crisis (c) COVID-19

Consumption Dynamics by Wealth

(d) Dot-com (e) Global Financial Crisis (f) COVID-19

Bottom 20% 20% to 40%. 40% to 80% Top 20%

Consumption Dynamics by Income and Wealth

(g) Dot-com (h) Global Financial Crisis (i) COVID-19

Bottom 20% 40% to 80% Top 20% Top 30% Wealth,
Bot. 40% Income

Notes: Relative consumption dynamics during recessions along the income and wealth distri-
bution. Consumption dynamics of each income/wealth group are shown relative to average
household consumption. These relative consumption time series for each group are indexed to
the peak. The vertical axis shows changes of consumption over time relative to the change of
average consumption over time. The horizontal axis shows the time relative to the start of the
recession. The recessions are the dot-com recession in 2001Q1, the Global Financial Crisis in
2007Q4, and the COVID-19 recession in 2019Q4.
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6 Conclusion

In this paper, we present a new method to derive synthetic distributional con-
sumption, income, and wealth data. The method contributes to the modern the-
ory of macroeconomic dynamics that has the joint distribution of consumption,
income, and wealth as a key determinant of aggregate dynamics. Our method
closes a gap as it provides a method for studying the empirical distributional dy-
namics as a counterpart to the existing theory at business-cycle frequency over
time. We have shown that the method can incorporate information from various
microdata sources regardless of their frequency and coverage of variables. By
forecasting out of sample, we show that our method can generate joint distribu-
tional information at high frequency with good precision. Using a HANK model
as a laboratory, we validated that the synthetic data from our model closely fol-
low the “true” distributional dynamics when supplied with micro data samples
as rich and frequent as in the U.S.

To illustrate the method’s usefulness, we further traced consumption dynam-
ics across the last three U.S. recessions along the income and wealth distribution.
The application suggests that distributional consequences of recessions are state-
dependent, with different channels dominating in different episodes—financial,
balance-sheet, or labor-market. Although these findings are only suggestive,
they demonstrate how synthetic data can inform debates about the role of het-
erogeneity in macroeconomic dynamics. Our method also shows that most busi-
ness cycle fluctuations of the distribution of consumption, income, and wealth
are driven by aggregate shocks.

Beyond what we present in this paper, our methodology provides a flexible
tool for researchers: it can readily accommodate distributions based on, e.g., liq-
uid and illiquid assets, financial income, or secured and unsecured debt, and
even beyond households (e.g., firms and banks) and, in principle, be of higher
frequency. Another promising direction is to apply the method to short pan-
els where the joint distribution spans current and lagged values of the same
variable. This would allow researchers to estimate high-frequency dynamics of
household-level autocorrelation structures as in Almuzara et al. (2025), but in-
corporating a richer set of variables. We leave these extensions for future work.
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Online Appendix

A Economic Fit

The series estimator fits a single set of coefficients θjt =
(
ξjm,o1,t, . . . , κ

j
(o1,...,od),t

)
by projecting the entire distribution of the variable(s) of interest onto an orthog-
onal polynomial basis; it is therefore a global method in the sense that one pa-
rameter set governs all quantile/copula regions simultaneously. If distributions
were exactly composed of finitely many orthogonal polynomials, the global es-
timator would be exact. In practice, however, the truncation we impose may
systematically over- or underestimate certain segments, potentially smoothing
over economically relevant features.30 Also, even without truncation, we might
fit polynomials to regions with zero mass in the measure—generating, poten-
tially, spurious variation. Both concerns are naturally important in our setting,
where our task is to recover the within and across time variation in the entire
distribution, Economic Fit, not just segments best approximated by our estimator.

Two natural questions arise: (1) where does our estimator systematically fall
short and (2) can these weaknesses be accommodated. For (2), this means (a) can
the current (global) polynomial weights be adjusted to better capture specific re-
gions (without compromising other regions), such as the upper tail of the wealth
distribution or do they already carry enough flexibility to capture these specific
regions (and the others)? and (b) can the estimator accommodate distributions
with point-zero mass? In this spirit, the appendix addresses two points. First,
it evaluates the degree to which we miss local variations. Second, it shows how
an economist with a theoretical prior about which parts of the distribution to
emphasize (e.g., the top of the wealth distribution) could adjust the coefficients
accordingly. As a byproduct, for a given estimator, it also provides detailed ev-
idence of variation within the distribution via observing weight changes within
the distribution. More on this latter point later.

30. Our projection forces parts of the distribution onto the squareintegrable function space L2,
even though those parts themselves do not belong to L2. Good examples are the upper tails of the
consumption, income, and wealth, which are often modeled by Pareto laws. Vermeulen (2018)
shows that wealth displays extremely heavy tailsso heavy that its variance is undefinedbecause
the Pareto “alpha” parameters fall below 2. Likewise, Atkinson, Piketty, and Saez (2011) docu-
ment that the U.S. incometail Pareto beta rose from 1.82 to 3.42 between 1976 and 2007, implying
a shift in the corresponding alpha from 2.22 down to 1.41. As Toda and Walsh (2015) emphasize,
analyses involving fat-tailed data require great care: when higherorder moments fail to exist, the
Central Limit Theorem breaks down and conventional confidence intervalsfor instance, those on
the top10 percent wealth sharelose validity. We are grateful to a referee for highlighting this issue.
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A.1 Performance of the Estimator at the Tails

To investigate the first question, we begin with Figure 10, which compares
two estimators: (1) the polynomial approximation as in the paper and (2) the
empirical percentile function, shown with 99% interval bands. Each panel re-
peats the same percentile curve but varies its uppertail cutoff, using final grid
points p ∈ {0.995, 0.999, 0.9995, 0.9999}. This addresses, in one panel, where (1)
falls short, with particular focus on the tails, motivated by the footnote. As such,
an inset for each panel is provided, zooming into the top 5% of the respective
distribution. For wealth, we observe nearcoincidence of the two estimators up to
about p = 0.9995. Only beyond the 99.95th percentile—the top onetwentieth of
one percent—does the series estimate begin to pull away from the empirical per-
centile function (itself subject to sampling error). Hence, any inference inside the
top 0.05 percent of the distribution should be treated with particular caution.31

Figure 10: Wealth Tails

Notes: Figure shows four panels plotting the percentile function for consumption,
evaluated on a grid G = {0.01, . . . , 0.99, p}. Consumption, as defined, is scaled by
its respective aggregate and transformed via an inverse hyperbolic sine function.
The four panels differ in the plotted estimate of the tail, denoted by p, which ap-
pears in the legend. The inset of each panel zooms in on the tail, covering the last
five percentiles. No estimator is evaluated for p = 1.0.

31. Results on consumption and income are readily available and can be provided upon re-
quest.
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A.2 Local vs. Global Estimation

To answer the second question, we introduce a local estimator that computes a
set of coefficients within a moving kernel window. By sliding the window along
a percentile grid G, we obtain |G| coefficient vectors, each tailored to the local
variation within that window. The local estimator is flexible and well-suited for
capturing local structure.32 By comparing the global estimators single set of coef-
ficients with the collection of locally estimated coefficients, we can assess where
and how they differ—especially around the tails of the distribution. Below, we
describe the comparison procedure in detail and show that, for the economic
data analyzed in this paper, our global estimator performs comparably to the
local approach with minimal loss.

Data Let wi ∈ R denote the economic variable of interest for household i as
described in the main body of the text. The variable, as before, is first scaled
by the corresponding nationalaccounts aggregate (quarterly, perhousehold level)
and stabilized with an inverse hyperbolic sine transform. Results presented here
rely on the 2019 wave of the PSID and are presented for the different measures
consumption, income, and wealth. For this reason, we drop all time indices t and
measure indices m.

Global Legendreseries estimator To have the appendix section self-contained,
we provide again our estimator. Truncating the polynomial order O to 11, the
shifted basis of orthogonal Legendre polynomials, evaluated on the empirical
cumulative distribution ui, is Qo(ui) for O = 0, . . . , 11. Explicitly, ui =

si∑
i si

for
si the survey weight corresponding to household i after sorting measure m. Pro-
jecting wi on the basis yields coefficients

ξ̂o := N−1
∑
i

wiQo(ui) for o = 0, . . . , 11.

The estimated quantile function with these coefficients is

Ξ̂−1
glob(p) =

11∑
o=0

ξ̂o Qo(p), p ∈ [0, 1], (27)

32. Naturally, the estimator will perform poorly outside the window, but we make clear that
when evaluting the percentile function at a certain point, that we use the corresponding set of
coefficients for that point i.e., the optimal coefficients in that window in a least squares sense.
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where we use glob to denote that this is a global estimator and p some grid point
in [0, 1] for which we can evaluate the percentile function Ξ̂−1

glob(p).

Local kernel Legendre estimator For the local estimation, let pg ∈ G be some
probability grid point and G = {0.01, 0.02, . . . , 0.995}. Let Kh(u) denote a Gaus-
sian kernel with bandwidth h33

Kh(u) =
1

h
√
2π

exp
{
−1

2

(
u/h

)2}
.

For a given survey weight of the PSID, si, we can generate the local weight s(g)i =

si Kh(ui−pg). Let Wg = diag(s
(g)
1 , . . . , s

(g)
n ) and Φio = Qo(ui). Solving the weighted

leastsquares system
(Φ⊤WgΦ) ξ

local(pg) = Φ⊤Wgy

produces the local coefficient vector ξlocal(pg) = (ξ0(pg), . . . , ξ11(pg))
⊤, which re-

turns anew for every pg. The estimated local quantile function then uses, for each
grid point evaluation, a new set of coefficients ξlocalo (pg), generating

Ξ̂−1
local(pg) =

11∑
o=0

ξlocalo (pg)Qo(pg).
34

Thus, we have the two extremes: the global approach of one set of coeffi-
cients to estimate the percentile function and the local approach of many sets of
coefficients—localized throughout the entire distribution—to estimate the per-
centile function.

To see how the coefficients change across the distribution, independently
of overall scale, each coefficient vector (from the different estimators) is trans-
formed to unit ℓ1 length:

ξ̃localo (pg) =
|ξlocalo (pg)|∑11
o=0 |ξlocalo (pg)|

, ξ̃globo =
|ξ̂globo |∑11

o=0 |ξ
glob
o (pg)|

.

One can then average over the vector of coefficients (over intervals of G) to
assess how these weights fluctuate for, for example, the bottom of the wealth
distribution versus the top. Figure 11 shows precisely this (results are analogous
for consumption and income). In short, our estimator assigns weights identically

33. Results below are unchanged for various smaller bandwidths h ∈ {.005, .01, .05, .10}
34. Alluding to our comment before, one can alternatively estimate Ξ̂−1

local(p) =∑11
o=0 ξ

local
o (p∗)Qo(p), where ξlocalo (p∗) are the weights associated for a selected grid point p∗ e.g.,

the 99th percentile.
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to a local estimator that focuses on the 40th to 60th percentile. In every other case,
it tends to assign more weight to the polynomials of order 4 to 8 in exchange for
less weight on the first 3 polynomials. One might therefore conclude that we
should instead use a different set of coefficients. Figure 12 provides evidence to
the contrary.

Figure 11: Local vs. Global Estimator: Coefficients

(a) Bottom 20 (b) 21st Percentile to 40th (c) 41st Percentile to 60th

(d) 61st Percentile to 80th (e) 81st Percentile to 100th (f) 91st Percentile to 100th

Notes: Figure shows panels comparing the global estimator to the local estimator for different
segments of the wealth distribution. Each panel compares the contribution of each weight across
the two estimators. Weights for the global estimator are the same across panels. Weights for the
local estimator are calculated by averaging over the set of coefficients in that segment e.g., the
Bottom 20 has 20 vectors of coefficients to average over.

Figure 12: Local vs. Global Estimator: Percentile Function

(a) Consumption (b) Income (c) Wealth
Notes: Figure shows three panels of percentile functions, comparing the global estimator to the
local estimator, along with the empirical percentile function estimator. Percentile functions are
evaluated over a set of grid points G = {0.01, . . . , 0.99, 0.995}. Data is from the PSID 2019 wave.
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A.3 Treatment of non-Differentiability of the Marginal

Some margins (e.g., earnings or financial assets) exhibit an atom at zero in
addition to a continuous distribution over R+. Let Zmt denote marginal m at
time t and

πmt := Pt(Zmt = 0).

Write the CDF as a mixture

ΞZ
mt(z) = πmt1{z ≥ 0}+ (1− πmt) Ξ

Z,c
mt (z), ΞZ,c

mt (z) := Pt(Zmt ≤ z | Zmt > 0).

The unconditional quantile function is

ΞZ,−1
mt (u) =


0, u ≤ πmt,

ΞZ,c,−1
mt

(u− πmt

1− πmt

)
, u > πmt,

(28)

i.e., the atom generates a flat segment of length πmt and the positive part is
rescaled to mass 1− πmt.

We work with a strictly increasing transform Xmt = T (Zmt) with T (0) = 0

(e.g. asinh), so (28) holds verbatim for Xmt; quantiles on the original scale follow
as ΞZ,−1

mt (u) = T−1(ΞX,−1
mt (u)).

Empirically, we estimate the mixed distribution in two steps: (i) estimate the
point mass

π̂mt =

∑
i sit1{Zmit = 0}∑

i sit
,

and (ii) using only Zmit > 0, estimate the conditional quantile function of Xmit =

T (Zmit) via the Legendre expansion

ΞX,c,−1
mt (u) ≈

O∑
o=0

ξc,XmotQo(u).

We treat π̂mt as an additional scalar coefficient alongside the Legendre coeffi-
cients and include it in the subsequent factor extraction and state-space analysis.
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B Estimation of Factor Structures and Marginal Data

Densities

A key input to our procedure is the mapping from factors to observables, de-
fined by the projection matrix Γ. To estimate Γ, one method would be based on
complete data alone. Complete here will mean there is no missing data in the
spatial sense i.e., the data reports consumption, income, and wealth. For our
case, this means using exclusively the PSID data to estimate Γ based on the PCA
of θ̃PSID. We consider different scenarios where we retain a different numbers of
factors each time. Specifically, for this approach, we estimate the model with 3,
6, 7, and 8 distributional factors, obtained from the 12 PSID waves; however, this
approach runs the risk of not fully representing the entire subspace that charac-
terizes the evolution of the joint distributions because of the infrequent releases
of the PSID data.

The literature has suggested alternatives for taking into account incomplete
data in factor models. Here, this would mean surveys that only collect data on
some, but not all marginals e.g., only income and wealth as in the SCF. In par-
ticular, we explore one alternative estimator for Γ: we consider the Tall-Wide
algorithm of Bai and Ng (2021). We compare the quality of the model estimates
under the alternative methods using marginal data densities for model compar-
ison.

B.1 Tall-Wide Algorithm of Bai and Ng (2021)

An alternative approach to incorporating an additional block of data to the
complete data is provided by Bai and Ng (2021). The paper tackles this prob-
lem by identifying two blocks of data within some larger T by N matrix— a tall
block (data observed for all periods) and a wide block (time periods for which
entire distribution is observed). For our setting, this means we add a tall block
to our estimation of Γ, while the wide block would be what we call the complete
data.35 The tall block we add incorporates data on lower dimensional copulas of
(income, consumption) and (income, wealth), as well as additional data on the
marginals. This would be variation coming from both the CEX and SCF.

This alternative estimator for Γ, since it relies on more data, may improve
model fit. For our application, we extract the factors that explain 80% of the

35. It is important to note that, given some data, such an estimator can consistently estimate the
common component without making any assumptions on the nature of missingness. We refer
the reader to the paper for more details on how the exact procedure is performed.

7



Table 5: Model Comparison

Model Harmonic Mean Bridge

TW Projection Matrix

12 distributional factors, 11 agg. factors −81571.59 −85685.21

10 distributional factors, 11 agg. factors −80555.15 −83940.35

Standard Projection Matrix

3 distributional factors, 3 agg. factors −84379.20 −86262.30

6 distributional factors, 11 agg. factors −72985.78 −77007.84

7 distributional factors, 11 agg. factors −63227.01 −69535.44

8 distributional factors, 3 agg. factors −54253.22 −56898.68

8 distributional factors, 11 agg. factors −54137.45 −60434.82

8 distributional factors, 15 agg. factors −54220.29 −61024.63

Notes: The table reports the log of the marginal data densities (MDD) across
different model specifications. The MDD is estimated using two estimators:
(1) Harmonic Mean and (2) a Bridge sampler. TW Projection Matrix are mod-
els estimated using the Tall-Wide algorithm of Bai and Ng (2021). Standard
Projection Matrix is from a PCA estimator. Higher values means most effi-
cient.

summable variation, as well as 85%. This corresponds to 10 and 12 factors; how-
ever, as mentioned before, it is unclear the degree of variation shared among this
set of factors relative to the original set of factors. Furthermore, keeping more
factors from this estimator runs the risk of over-parameterizing the model. Ta-
ble 5 presents the marginal likelihoods of these TW projection matrices. Results
suggest these models have marginally inferior fit than models that only rely on
complete data.

B.2 Marginal Data Densities and Optimal Factor Structures

We estimate various versions of the state space model for different factor
loadings Γ, that differ both in the number of factors and the estimation of Γ itself,
and different numbers of aggregate factors. For each estimated model, we cal-
culate the marginal data density (MDD) in order to discriminate between these
alternatives. The set of models considered rely on the same data, but differ in
the size of the parameter space. The MDD will effectively internalize these two
features, selecting the model for which we can expect the best forecasting perfor-
mance, while penalizing models through a lower density due to larger parameter
spaces.

The marginal data densities p(˜̃θ) are estimated using Geweke’s modified har-
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monic mean estimator. Although standard, there may be concerns that, given
the dimensionality of the model, such an estimator may not be appropriately
approximated by a Gaussian distribution. Second, the estimator may not be nu-
merically stable, as it requires the inversion of matrices—in this case, large ones.
In this sense, we also estimate the density using a bridge sampler (Meng and
Wong 1996), which is numerically stable (does not require any inversions) and
may better internalize the shape of the posterior.

Table 5 covers the span of proposed models that were ultimately assessed, as
well as the marginal data densities over the different estimators. First, we find
that the MDD is most elastic to the number of distributional factors, as opposed
to the number of aggregate factors. The model with the projection matrix from
the complete PSID data, tagged Standard Projector Matrix, using the maximum
number of 8 factors achieves the highest MDD for models with 11 aggregate
factors.36 Using the factor loadings Γ from the Bai and Ng (2021) TW-algorithm
also achieves a lower MDD and thus a worse model fit.

C Minnesota Prior

Given the size of the model, we estimate it in a Bayesian framework and
regularize the state equation parameters (A,B,C, diag(D),Ω) using a Minnesota
prior.

Stacking the coefficients as θ := (vec(A)′, vec(B)′, vec(C)′, vec(D)′)′ and setting

θ ∼ N (µMinn, VMinn),

with mean

Aij =

κ2, i = j (own first lag of distributional factors),

0, i ̸= j,

B = 0, C = 0, Dii = κ3,

and diagonal variance

VMinn,ii =

κ0/l
2, own lags,

(κ0κ1/l
2) · (σ̂2

ii/σ̂
2
jj), cross-lags.

36. Decreasing the number of aggregate factors increases the MDD, but these models are un-
fortunately incomparable as they have different measurement vectors. For example, the model
with 15 aggregate factors has 10× T fewer contributions to the likelihood vs. the model with 25
aggregate factors.
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we have our Minnesota prior. Here κ2 and κ3 control the prior persistence of
the distributional and aggregate laws of motion. We work with unconstrained
persistence parameters and map them to (−0.99, 0.99) via a scaled inverse-logit;
the unconstrained hyperpriors are diffuse, κ2, κ3 ∼ N (0, 5). We fix the over-
all tightness at κ0 = 0.05 motivated by Giannone, Lenza, and Primiceri (2015); κ1

governs cross-lag shrinkage and is given a wide Normal hyperprior on its uncon-
strained representation, inducing an approximately uniform prior over [0.2, 0.99]
after transformation.

Prior for Ω. For the innovation covariance Ω, we place weakly informative pri-
ors on the diagonal elements (with variances governed by κ4 and κ5) and an LKJ
prior on the correlation matrix. We parameterize the LKJ shape as

η = 1 + log(exp(κ6) + 1),

so that η ≥ 1, with κ4, κ5 ∼ N (0, 1) and κ6 ∼ N (2, 1.5). Larger η shrinks corre-
lations toward zero unless strongly supported by the data. We estimate {κi}6i=1

jointly with ψpar (except κ0, fixed at 0.05).

D Details on MCMC

To estimate and sample from the posterior distribution, we employ the DIME
sampler from Boehl (2024). The sampler is particularly advantageous for poten-
tially complex, high-dimensional posterior distributions with ex-ante unknown
properties.

We run an ensemble of 4n chains (for n the size of the parameter vector). To
speed up adaptation, 10% of chains are initialized at a tentative mode from a
separate optimization procedure; the remainder are initialized from the priors.
The ensemble runs for 400 iterations, and we keep the last 25% of draws as pos-
terior samples.37 The sampler uses a single tuning parameter χ that governs the
mixture between the local and global transition kernel; we set χ = 0.1.

Figure 13 shows the traces of the (scaled) log-likelihood for all chains and
indicates convergence.38 Additional diagnostics are reported in the figure notes.

37. For the baseline |ψ| ≈ 400, this implies 4(400)× 400 = 640,000 efficient runs.
38. Traces of all estimated models can be provided upon request.
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Figure 13: Converging Chains

Notes: Figure shows the evolution of the ensemble of chains in terms of (scaled)
log-likelihood; the last 25% of draws of each chain are retained. Chains initialized
at the tentative mode start at higher likelihoods and generate the “cliff” at initial-
ization. The sampler also reports the log-weight on the history of the proposal
distribution and the standard deviation of likelihoods. Early on, log-weights are
positive, indicating adaptation; after convergence they are close to zero (around
10−7). Standard deviations are about 1% of the mode log-likelihood. Acceptance
rates are in the 20%–40% range, consistent with effective exploration. Refer to the
text for model specifications.

E Reconstructing Distributional Data

Following the procedure below, one can obtain the high-frequency distribu-
tional data. Given the estimated coefficients

(
ξ̂mot, κ̂o1···od,t

)
and the associated

polynomials, the user only needs to specify u ∈ [0, 1]d, the domain of integration.
In our application, we integrate to construct deciles. In practice, the integration
bounds exclude the exact endpoints 0 and 1, which are replaced by 10−6 and
0.9995, respectively. This is in accordance with our analysis in Appendix A and
properties of our estimator.

Procedure:

ˆ̃θt = Γ̂MF F̂t (Project factors)

θ̂jnt = σj
ζ(n) ×

ˆ̃θζ(n)t + µj
n + g(t)n (Unstandardize and add trend)

θ̂jt = (ξ̂jm,o1,t, . . . , κ̂
j
(o1,...,od),t

) (Decomposition)

Ξ̂−1
jmt(um) =

O∑
o=0

ξ̂mot Qo(um) (Reconstruct quantile function)

dĈjt(u1, . . . , ud) =
O∑

o1,...,od=0

κ̂o1···od,t

d∏
m=1

Qom(um) (Reconstruct copula density)
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Table 6: Description of Equation Components

Symbol Description

F̂t Estimated high-frequency factors

Γ̂MF Factor loadings mapping factors to distributional observables
ˆ̃θt Projected (standardized) factor representation

σj
ζ(n) Standard deviation term, varies by object

µj
n Mean adjustment for coefficient n

g(t)n Non-parametric trend at time t

θ̂jnt Unstandardized, trend-adjusted coefficients

ξ̂jm,o,t Marginal polynomial coefficients

κ̂j
(o1,...,od),t

Copula polynomial coefficients

Qo(um) Polynomial basis function of order o, O=11

Ξ̂−1
jmt(um) Reconstructed quantile function (inverse CDF) for margin m

dĈjt(u1, . . . , ud) Reconstructed copula density (dependence structure)

Notes: Table summarizes the role of each symbol in the above equations, moving
from factor projections to reconstruction of marginal quantiles and copula density.

F Validation of Hyperparameter Choices

To evaluate our hyperparameter choices on the Bayesian estimation priors
for the measurement error variances, we compare the series resulting from the
Kalman smoother after estimation with the actual point estimates and their con-
fidence bounds from the survey data.

Intuitively, if the prior mean for the measurement error variance is too low,
it will force the estimator to exactly match each survey estimate of the distribu-
tion, despite the fact that each survey estimate is itself subject to measurement
error. Thus, we should expect the smoother estimate to fall within the confidence
bounds of each sample estimate at most with the corresponding confidence level
of the bounds. The fact that the confidence level is an upper bound reflects that
the estimated measurement error captures not only the sampling uncertainty that
the confidence bounds capture, but also conceptual differences.

Choosing narrow measurement errors would overstate precision and poten-
tially limit comovement with aggregates. As a result, it would drive parameter
estimates for B, which captures this comovement, toward zero. Another reason
not to be conservative with the measurement errors is that allowing for measure-
ment error also accounts for the fact that we combine data from different sources
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to produce a consensus estimate. These different data sources, despite their in-
dividual detrending, may produce some temporarily divergent estimates of the
distributions. Without sufficient measurement error, the consensus estimate is
then forced to oscillate between these different distribution estimates over short
time intervals, rather than capturing their co-movements.

On the other hand, if the prior mean for the measurement error variance is
too high, the estimator will treat the data as uninformative, and the smoother will
miss the survey estimates more often and to a much greater extent than implied
by its confidence bounds. We validate the choice of hyperparameters graphically
for income and wealth in the SCF data and provide comprehensive summary
statistics across all datasets and estimates. This visual inspection helps confirm
that our smoothed series respect the noise inherent in the available microdata.

Figure 14 shows average consumption (top row), income (middle row) and
wealth (bottom row) for the bottom 50 percent (first column), the next 40 percent
(second column), and the top 10 percent (last column) of the respective distribu-
tions. It shows the point estimates from the surveys (black triangles), along with
their 95% confidence limits, and the results from the Kalman smoother based on
our estimates of the parameters of Equation (20). Overall, the smoothed esti-
mates fall inside their respective confidence bounds in 85 out of the 108 observa-
tions (from (c) to (h)).

Table 7 provides a comprehensive summary of this validation approach. For
all quantile functions and copulas, we report for each dataset and survey year
how often the respective smoother estimate is within the confidence limits. Again,
we use a confidence level of 95%. For the quantile functions, we find overall a
modest difference (one to three percent) between the confidence level and the
fraction of smoothed estimates that fall outside the confidence bounds. Only
for the SIPP and to some extent the CPS, our estimator suggests a significant
measurement error beyond sampling uncertainty reflecting differences in sam-
ple design and income/wealth measurement.

13



Figure 14: Comparison of Smoothed Distributional Data and Direct Survey Esti-
mates

Consumption by Consumption

(a) Bottom 50 Percent (b) 50-90 Percent (c) Top 10 Percent

Income by Income

(c) Bottom 50 Percent (d) 50-90 Percent (e) Top 10 Percent

Wealth by Wealth

(f) Bottom 50 Percent (g) 50-90 Percent (h) Top 10 Percent

Model Data

Notes: Figure shows the average consumption, income, and wealth for the bottom 50 percent,
50-90 percent, and top 10 percent of households of the respective distribution. Dots show the
estimates from the individual survey waves together with 95% confidence bounds. The solid red
line shows the baseline estimate from the Kalman smoother at the posterior mode. Consumption
shows CEX data and reconstruction. Income and wealth show SCF data and reconstruction. The
legend reports for each Panel the share of smoothed estimates within the confidence bounds of
the survey waves.
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Table 7: Deviations of Smoothed Estimates and Microdata: Fraction within Con-
fidence Bounds

Measure CEX CPS SCF SIPP PSID Overall

Consumption quantiles 77% —% —% —% 100% 79%

Income quantiles 89% 93% 71% 46% 98% 77%

Wealth quantiles —% —% 77% 54% 99% 64%

Copula densities 98% —% 94% 91% 98% 96%

Notes: The table reports, by microdata and object, the fraction of estimates from the Kalman
smoother at the posterior mode that fall within the 95% bootstrapped confidence intervals for
the respective microdata. Quantile and copula estimates are defined on a decile grid.

G Comparison with External Estimates

The preceding sections established that our method predicts well out of sam-
ple and that the estimated distributions lie within sampling variability. We now
assess whether the resulting high-frequency income and wealth dynamics align
with external benchmarks. Since true distributional dynamics are unobserv-
able, we compare our cyclical estimates to the Distributional Financial Accounts
(DFA) (Batty et al. 2020) and the World Inequality Database (WID) (Piketty, Saez,
and Zucman 2018). The DFA produces quarterly wealth distributions from the
SCF using a different estimation approach, providing an “SCF flavor” bench-
mark. The WID provides annual estimates from administrative tax data with-
out a time-series model, offering a robustness check for our assumption of stable
and approximately linear distributional dynamics and their link to macro factors.
To assess dependence dynamics (copula), we additionally compare our implied
wealth-by-income series to the DFA.

Figure 15 reports the cyclical components (in logs). Panels (a)–(b) compare
wealth by wealth group, focusing on the top 10% and the next 40% since the bot-
tom half has wealth close to zero (Kuhn and Ríos-Rull 2016). Panels (c)–(d) com-
pare wealth by income groups (informative about the joint distribution). Panels
(e)–(f) compare income by income group (available in the WID). Across all cases,
our estimates comove closely with DFA and WID and fall within the range of the
external series.
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Figure 15: Cyclical Component of Distributional Data vs. External Sources

Wealth (Average)

(a) top 10 Percentile in Wealth (b) 50 - 90 Percentile in Wealth

(c) top 20 Percentile in Income (d) 40-80 Percentile in Income

Income (Average)

(e) top 10 Percentile in Income (f) 50 - 90 Percentile in Income

Model DFA WID
Notes: Figure shows the cyclical component of (log) average wealth of (a) the wealthiest 10 per-
cent, (b) the next wealthiest 40 percent, (c) the 20 percent income-richest households, and (d) the
next 40 percent income-richest households. Bottom row shows the cyclical component of (log)
average income of (e) the income-richest 10 percent and (f) the next income-richest 40 percent.
Red lines show cyclical components from baseline model at quarterly frequency. Dotted green
line show annual data from the World Inequality Database (WID). Dashed blue lines show quar-
terly data from the Distributional Financial Accounts (DFA). Cyclical components are obtained by
an HP-filter with smoothing parameter λ = 6 for annual data and λ = 1600 for quarterly data.
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H Data

The construction of these estimates relies on a great deal of data. An ad-
vantage with our method, however, is that it can incorporate these different mi-
crodata and their various differences in generating consensus estimates of the
distributional data. Below, we describe the data, all expressed in 2019 dollars,
and explain the mappings across data to ensure measures are at some base com-
parability (Curtin, Juster, and Morgan 1989; Czajka, Jacobson, and Cody 2003;
Pfeffer et al. 2016). See Table 1 for information on their availability.

H.1 SIPP

The SIPP panel is a nationally representative, individual-level survey known
for providing high-frequency dynamics on employment, earnings, wealth, house-
hold composition and program participation in the U.S.. For the data cleaning,
the data is aggregated to the household-level, at quarterly frequency. Due to
structural breaks induced by changing survey designs, we treat the SIPP as if
it were three separate surveys (until 1983Q3-1995Q4, 1996Q1-2012Q4, 2013Q1-
2022Q4). This is to minimize spurious fluctuations (e.g., seam bias) that obscure
actual economic phenomena.

Income. For the 2014 releases and onward, we use the THTOTINC variable for in-
come. For data releases prior, we sum over (1) earnings (ws1_am, ws1_am) (2)
property/investment income (tpprpinc) (3) unemployment (tuc1amt, tuc2amt,

tuc3amt) and (4) transfers (tptrninc, tpscininc, twicamt, tfs_am,

tssi_amt) to construct household income.

Wealth. For the 2014 releases and onward, we use the THNETWORTH variable for
wealth. For data releases prior, wealth is defined as total assets (hhtwlth) net
total liabilities (hhusdbt, hhscdbt).
Note: The SIPP has undergone several major redesigns, and ignoring these seams,
even with our prescribed data treatment, would lead to spurious swings in mea-
sured inequality—an issue documented by, among others, Moore (2008) and
Czajka, Jacobson, and Cody (2003) and confirmed in our own diagnostics. To
deal with this issue, we treat the SIPP as if it were three different surveys: (1)
SIPP before 1996 (2) SIPP 1996-2012 and (3) SIPP 2013-2023. We found that
around these seams, estimates tend to exhibit large jumps, which was at odds
with their aggregate counterpart and general business cycle conditions. Ad-
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ditional observations were dropped as well (2003Q4, 1999Q4, 1988Q1, 1985Q4),
since they exhibited odd movements as well, related to the seams noted, as well
as older seams. Fortunately, the estimation framework allows each of the three
SIPP subsurveys to carry its own measurementerror process, so we retain almost
all available information while preventing seam effects from distorting the re-
sults.

H.2 SCF+

The Survey of Consumer Finances (SCF), since its inception in 1983, is seen as
the data gold mine for household information on income and wealth; however,
due to the research excavations of Kuhn, Schularick, and Steins (2020), we are
able to combine these triennial cross-sections with historical waves of the SCF;
hence the name SCF+. Kuhn, Schularick, and Steins (2020) mention “... the SCF+
is the first dataset that makes it possible to study the joint distributions of income
and wealth over the long run”. Thus, it goes without saying how requisite this is
for our study. The SCF+ is also augmented with the Forbes 400, from Forbes, for
the years 2021 to 2024. For the years 1985 to 2020, we use the per capita dataset
of Fernholz and Hagler (2023), whose observations originate from families of the
Forbes 400.39 Below we describe the measurements we used from the SCF+.

Income. Our definition of income follows Kuhn, Schularick, and Steins (2020),
which consists of the following components: (1) labor income (i.e., earnings)
(2) income from public transfers (3) income from professional practice and self-
employment (4) income from rents (5) dividend income and (6) business/farm
income. A different taxonomy that illustrates these components are taxable and
transfer income.

Assets. Total assets include (1) liquid assets such as a household’s checking
and savings account, CDs, call/money market accounts, short-term government
bonds, and mutual funds (2) illiquid assets such as housing and other real estate
minus debt on that properties respectively, automobiles (3) defined-contribution
retirement plans (4) the cash value of life insurance (5) stocks and (6) business
equity.

39. Accessing the data via the usual link (e.g., http://www.forbes.com/ajax/list/data?year=2005
&uri=forbes-400&type=person) returns Forbes 400 data, but unfortunately incomplete
from the 1990s until the late 2000s—with only around 200 of the 400 observations there. Using
Fernholz and Hagler (2023), with the same procedure imposed by Bricker, Hansen, and Volz
(2019), generates the same result as in Bricker, Hansen, and Volz (2019) (increases the top wealth
share by 1.5%), but is more complete (has almost all 400 every year).
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Debt. We define debt of a household as the sum of personal (mostly unsecured)
debt and housing (mortgage) debt. Housing debt includes debt from all prop-
erties and any loans made against the housing e.g., through HELOCs. Personal
debt includes car loans, education loans, any loans from relatives, credit card
debt, medical debt and legal debt.

Wealth. Wealth is total assets net total debt of a household.

H.3 PSID

The Panel Study of Income Dynamics complements the SCF+ extraordinarily
well, as they take our estimations beyond more than half a century. In compar-
ison to the post-1983 SCF, a deeper analysis of their similarity can be found in
Pfeffer et al. (2016).

Income. The PSID has collected family income annually from 1968 to 1996 and
then biennially from 1997 to 2021. Its measure of income is the sum of taxable in-
come, transfers, and social security for the reference person, the spouse/partner
(if any) and other members of the family.40

Assets. Data collection on household wealth took place in 1984, 1989, 1994, and
then every wave beginning in 1999. The data on assets is split into liquid and
illiquid assets. Although minor, the definition of liquid assets will vary between
datasets, so careful attention is warranted here. Liquid assets for the PSID in-
clude checking and savings accounts, short-term instruments such as money-
market accounts, certificates of deposit, and treasury bills. Illiquid assets include
business equity, financial assets held in mutual funds, stocks, bond funds, in-
vestment funds; real assets held in real estate, vehicles like motor homes, boats,
trailers, and cars; and retirement wealth in private annuities or IRAs.

Debt. For the PSID, we achieve the same debt split: personal and mortgage debt.
This includes all kinds of real-estate debt, and unsecured debt such as credit card
debt, student loans, medical debt, legal debt, and loans from relatives.

Wealth. Wealth is total assets net total debt of a household.

Consumption. Studying papers such as Skinner (1987), Cutler et al. (1991), Flavin

40. In the PSID, a family is a group of people living together who are economically interdepen-
dent.
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and Yamashita (2002), Attanasio, Hurst, and Pistaferri (2014), and Attanasio and
Pistaferri (2014), we define consumption as the sum of these expenditures: food,
rent (for renters), housing rental equivalence (for home-owners), utilities, health,
public transport, education, and childcare. We set the housing rental equiva-
lence to be 6% of the home market value reported by households in the PSID.
Consumption data is only available from 1999 in a biennial interval.

H.4 CPS

We use the Community Population Survey (CPS) Annual Social and Eco-
nomic Supplement (ASEC). The sample is designed primarily to produce esti-
mates of the labor force characteristics and runs from 1962 to 2022. Similar to the
SIPP, we treat the CPS as a combination of two separate surveys to avoid fluctu-
ations driven by survey design: 1967Q4-1993Q4 and 1994Q4-2021Q4.

Income. Income data are collected as part of the ASEC for the months of Febru-
ary, March and April as a supplement to the regular CPS monthly labor force
interviews. The ASEC asks each person in the sample who is 15 years old and
over about the amount of income received from a list of sources in the pre-
vious calendar year. We treat these observations as being observed in quar-
ter four of the previous calendar year. For details on top-coding, see https:
//cps.ipums.org/cps/topcodes_tables.shtml.

H.5 CEX

The Consumption Expenditure Survey (CEX) is the most comprehensive house-
hold survey in the U.S. for recording the consumption habits of households. The
CEX has two components: the interview survey (IS) and the diary survey (DS).
The interview survey has sufficiently rich data on what we need, so we only use
data from this component. Within this component, there are several files, each of
which pertain to a topic, from which we can extract information. The following
table breaks down each category of consumption, defining which UCCs belong
to which category and which file it can be found in. All of these categories will
combine to make the consumption variable. The table will also define wealth
concepts of the CEX we use in our study. Since each household consumption
record is with respect to a UCC, we find this presentation most apropos.
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Item UCCs / FMLI label File

Consumption
Food 190904, 790220, 190901, 190902, 190903,

790410, 790430, 200900, 790330, 790420,

800700, 790230, 790240

MTBI

Rent 210110, 800710 MTBI
Utilities 250111, 250112, 250113, 250114, 250211,

250212, 250213, 250214, 250221, 250222,

250223, 250224, 250901, 250902, 250903,

250904, 250911, 250912, 250913, 250914,

260111, 260112, 260113, 260114, 260211,

260212, 260213, 260214, 270211, 270212,

270213, 270214, 270310, 270411, 270412,

270413, 270414,270101, 270102, 270104,

270105, 270310, 270311, 690116, 270901,

270902, 270903, 270904

MTBI

Health 570110, 570111, 570210, 570220, 570230,

560110, 560210, 560310, 560330, 560400,

340906, 540000, 550110, 550320, 550330,

550340, 570901, 570903, 570240, 580111,

580112, 580113, 580114, 580311, 580312,

580901, 580903, 580904, 580905, 580906,

580400, 580907

MTBI

Public Trans-
port

520531, 520532, 530311, 530312, 530501,

530902, 530210, 530411, 530412, 520511,

520512, 520521, 520522, 520542, 520902,

520903, 520904, 520905, 520906, 520907,

530110, 530901, 520110, 520310

MTBI

Education 210310, 370903, 390901, 660110, 660210,

660310, 660900, 670110, 670210, 670901,

670902, 800802, 800804, 690111, 690112,

660410, 660902, 670410, 670903, 690114,

690310

MTBI

Child care 340210, 340211, 340212, 670310, 660901 MTBI
Rental Equiva-
lence

910050, 800721 (market value of home),

SIMHOUSX, RENTEQVX

FMLI,
MTBI
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Gas & Vehicle
Repairs

470111, 470112, 470113, 470220, 470211,

470212, 480110, 480212, 480213, 480214,

490110, 490211, 490212, 490221, 490231,

490232, 490311, 490312, 490313, 490314,

490318, 490319, 490411, 490412, 490413,

490501, 490502, 490900, 520410, 480215,

620113

MTBI

Other Concepts

Housing Debt QBLNCM1X, QBLNCM2X, QBLNCM3X, QBLNCM1G,

PRINAMTX

MOR

Personal Debt 6001, 6002 (1990-2013), 5400, 5500,

5600, CREDITX, STUDNTX, OTHLONX,

CREDITX1, CREDITX5, QBALNM1X

MTBI,
ITBI,
FMLI,
FN2

Liquid Assets SAVACCTX, CKBKACTX, USBNDX, 920010,

920020, 920030, 5100, LIQUIDX

FMLI,
ITBI

Financial Assets 5800, 920040, STOCKX, SECESTX, OTHASTX FMLI,
ITBI

Income FINCBTAX FMLI
Notes: Table shows, by item, the identifiers necessary to construct each component of consump-
tion, income and wealth for the CEX. The location of these identifiers can be found under the File
column.

H.6 Aggregates

Together with the microdata, we specify a model component that captures
the various aggregate shocks that potentially buffet the joint distribution of con-
sumption, income, and wealth. This is represented in the state equation of the
state-space model. The aggregate data we rely on to extract this information
comes from the FRED-QD (McCracken and Ng 2021). This has various macro-
data on industrial production, employment, housing, inventories, prices, earn-
ings, productivity, household expectations, household balance sheets, interest
rates, credit, etc. You can find more information on https://research.stlouisfed.
org/econ/mccracken/fred-databases/.

Before performing the PCA on the aggregates, we are careful to check each
series for non-stationarity. Recent literature has placed emphasis on the iden-
tifiability of orthogonal factors in high-dimensional settings, in particular for
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macroeconomic aggregates, and finds non-stationarity to be the culprit of spuri-
ous variation (Onatski and Wang 2021; Hamilton and Xi 2022). Running the PCA
on the non-stationary data will erroneously find that a large set of aggregates is
confined to just a few factors. Taking note, we first remove any variation due
to seasonality using the X13-ARIMA and closely follow the transformations (to
induce stationarity) proposed by McCracken and Ng (2021). The resulting series
satisfy an Augmented-Dickey-Fuller Test with a significance level of α = 0.05

and are visually inspected for abnormalities.
The set of now stationary aggregates are concatenated with four of its lags to

form a data matrix of quintuple the size and then column-wise standardized. A
PCA on this block of data is performed and 11 orthogonal factors are kept. The
number of factors chosen is based on Freyaldenhoven (2022). The baseline model
estimation includes these 11 factors as inputs Yt. More on the selection of factors
is available upon request.

I Out of Sample Correlations

Table 9: Out of Sample Performance

Condition
Bottom Middle Top

C I W C I W C I W

Excluding Housing Cycle Wealth

Entire Series - 0.98 0.96 - 0.98 0.96 - 0.98 0.95
Specific Timeframe - 0.98 0.94 - 0.96 0.97 - 0.96 0.97

Excluding Last 4 Years

Entire Series - 0.95 0.84 - 0.96 0.88 - 0.97 0.85
Specific Timeframe - 0.65 -0.9 - 0.92 0.00 - 0.90 -0.34

Every 4 Years

Entire Series 0.93 0.98 - 0.97 0.96 - 0.98 0.97 -
Specific Timeframe 0.94 0.99 - 0.98 0.96 - 0.95 0.97 -

Notes: Table reports correlations between the baseline cyclical estimates and the missing-data models, split by
panel. Entire Series reports correlations for all estimates in the estimation timeframe. Specific Timeframe reports
correlations of estimates in periods where data was intentionally left out of the estimation of the specific missing-
data model. Bottom, Middle, and Top are the bottom 50, next 40, and top 10 of the respective distribution,
denoted by C, I, and W. C is for consumption, I is for income, and W is for wealth. For the first three panels,
correlations are made between SCF model estimates (no consumption). The final panel presents correlations from
CEX model estimates (no wealth). Specific models (in header) are discussed in Section 4.
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